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Electrical Percolation in Metal Nanowire Networks for Bulk Polymer
Nanocomposites and Transparent Conductors, and Resistive Switching in Metal/
Polymer Nano-Gap Devices
Abstract
This dissertation describes the electrical properties of metal nanowire-polymer hybrid systems. The first
part of the thesis discusses electrical percolation of metal nanowire networks in bulk polymer
nanocomposites (3D) and nanowire films (quasi-2D). Specifically, we integrate simulations of rod
networks and experiments of model metal nanowire systems to establish the dependence of their
electrical properties on the nanowire aspect ratio (L/D) and network structure. For bulk polymer
nanocomposites, we find that narrow Gaussian distributions in filler size do not impact the electrical
percolation threshold, while mixing small fractions of high-L/D rods with modest-L/D rods significantly
reduces the threshold. We also generalize the widely used excluded volume model of percolation, which
was originally formulated for infinite-L/D, monodisperse rod networks, to account for both finite-L/D and
arbitrary distribution in the rod dimensions. Next, we adapt our 3D simulation approach to model the
electrical properties quasi-2D rod networks, which are relevant to nanowire films that are being pursued
for flexible, transparent conductors. We present the first quantitative predictions of the dependence of the
sheet resistance in nanowire films on the aspect ratio and areal density of mono- and poly-disperse
nanowires. Moreover, by combining our simulations of sheet resistance and an empirical diameterdependent expression for the optical transmittance, we produced a fully calculated plot of optical
transmittance versus sheet resistance, the primary performance criteria for transparent conductors.
Further, by fitting simulation results to experimental data, we obtain an effective average contact
resistance, Rc_effective, between two nanowires. Rc_effective extracted using our integrated approach
enables direct comparisons between nanowires of different compositions or networks fabricated by
distinct means. We also report the critical area fraction of rods required to form a percolated network in
nanowire films and provide a semi-empirical analytical expression for the critical area fraction as a
function of L/D for mono- and poly-disperse rods. Our simulations of electrical percolation in quasi-2D
and 3D rod networks, coupled with our extensions of existing analytical models, provide critical guidance
for engineering bulk conducting nanocomposites and nanowire films with well-defined properties that are
optimized for specific applications.
In the second part of this thesis, we demonstrate reversible resistive switching in silver/polystyrene/silver
nano-gap devices comprised of Ag nano-strips separated by a nanoscale gap and encapsulated in
polystyrene (PS). These devices show highly reversible switching behavior with high on-off ratios during
cyclic switching tests over many cycles. We also observe evolution of the gap after extensive testing,
which is consistent with metal filament formation as the switching mechanism in Ag/PS/Ag nano-gap
devices. The reversible electrical bistability demonstrated here was accomplished with an electrically
inactive polymer, thereby extending the range of polymers suitable for organic digital memory
applications.
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ABSTRACT

ELECTRICAL PERCOLATION IN METAL NANOWIRE NETWORKS FOR BULK
POLYMER NANOCOMPOSITES AND TRANSPARENT CONDUCTORS, AND
RESISTIVE SWITCHING IN METAL/POLYMER NANO-GAP DEVICES
Rose M. Mutiso
Karen I. Winey
This dissertation describes the electrical properties of metal nanowire-polymer
hybrid systems. The first part of the thesis discusses electrical percolation of metal
nanowire networks in bulk polymer nanocomposites (3D) and nanowire films (quasi-2D).
Specifically, we integrate simulations of rod networks and experiments of model metal
nanowire systems to establish the dependence of their electrical properties on the
nanowire aspect ratio (L/D) and network structure. For bulk polymer nanocomposites, we
find that narrow Gaussian distributions in filler size do not impact the electrical
percolation threshold (φc), while mixing small fractions of high-L/D rods with modestL/D rods significantly reduces φc. We also generalize the widely used excluded volume
model of percolation, which was originally formulated for infinite-L/D, monodisperse
rod networks, to account for both finite-L/D and arbitrary distribution in the rod
dimensions. Next, we adapt our 3D simulation approach to model the electrical properties
quasi-2D rod networks, which are relevant to nanowire films that are being pursued for
flexible, transparent conductors. We present the first quantitative predictions of the
dependence of the sheet resistance in nanowire films on the aspect ratio and areal density
of mono- and poly-disperse nanowires. Moreover, by combining our simulations of sheet
vi

resistance and an empirical diameter-dependent expression for the optical transmittance,
we produced a fully calculated plot of optical transmittance versus sheet resistance, the
primary performance criteria for transparent conductors. Further, by fitting simulation
results to experimental data, we obtain an effective average contact resistance, Rc_effective,
between two nanowires. Rc_effective extracted using our integrated approach enables direct
comparisons between nanowires of different compositions or networks fabricated by
distinct means. We also report the critical area fraction of rods required to form a
percolated network in nanowire films and provide a semi-empirical analytical expression
for the critical area fraction as a function of L/D for mono- and poly-disperse rods. Our
simulations of electrical percolation in quasi-2D and 3D rod networks, coupled with our
extensions of existing analytical models, provide critical guidance for engineering bulk
conducting nanocomposites and nanowire films with well-defined properties that are
optimized for specific applications.
In the second part of this thesis, we demonstrate reversible resistive switching in
silver/polystyrene/silver nano-gap devices comprised of Ag nano-strips separated by a
nanoscale gap and encapsulated in polystyrene (PS). These devices show highly
reversible switching behavior with high on-off ratios (> 103) during cyclic switching tests
over many cycles. We also observe evolution of the gap after extensive testing, which is
consistent with metal filament formation as the switching mechanism in Ag/PS/Ag nanogap devices. The reversible electrical bistability demonstrated here was accomplished
with an electrically inactive polymer, thereby extending the range of polymers suitable
for organic digital memory applications.
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CHAPTER 1: INTRODUCTION
1.1

Introduction
This dissertation describes electrical percolation phenomena in metal nanowire

networks in conducting polymer nanocomposites and transparent conductors, as well as
resistive switching behaviors of metal/polymer hybrid systems. This work contains both
experimental and theoretical aspects, integrating these tools to investigate key structureproperty relationships in the physical systems studied.
1.2

Overview of Chapter 2
Chapter 2 provides background information on electrical percolation in bulk polymer

nanocomposites containing anisotropic nanofillers such as metal nanowires and carbon
nanotubes. Conductive polymer nanocomposites are of interest for numerous applications
including electromagnetic shielding, electrostatic dissipation and anti-static applications,
as well as emerging application areas such as chemical and biological sensors,
photovoltaic devices, and flexible and transparent plastic electronics. This chapter
discusses the electrical percolation framework used to describe and predict electrical
properties of polymer nanocomposites, with particular emphasis on the analytical and
simulation approaches adopted to study the effect of the nanofiller attributes and network
structure on the electrical properties. The discussion of electrical percolation of rod
networks presented in this chapter is also relevant to thin-film systems when the matrix is
a polymer and even when the continuous phase is air, as in metal nanowire or carbon
nanotube mats that are currently being pursued as flexible transparent electrodes.

1

1.3

Overview of Chapter 3
In Chapter 3,1 we report a simulation study of the effect of filler size dispersity on

the percolation threshold in three-dimensional isotropic rod networks containing
conductive cylinders with modest aspect ratios (L/D = 10 - 100). We have previously
used this simulation approach to explore the effects of orientation and aspect ratio on the
electrical properties of polymer nanocomposites with monodisperse fillers.2, 3 In the latter
study,

our

simulations

successfully

predicted

experimental

φc

for

silver-

nanowire/polystyrene composites with modest nanowire aspect ratios (L/D < 35). As the
percolation phenomena are strongly dependent on the aspect ratio of the filler, wide
distributions in filler length and diameter are expected to significantly affect the
percolation threshold of the final composite. Thus, we address the experimental reality of
polydisperse filler sizes, in contrast to the widespread assumptions of monodispersity by
theorists and experimentalists alike. This has particular relevance for carbon nanotubes
and metal nanowires, for which all synthesis methods yield nanoparticles with varying
diameter and length.
We simulate networks with normally distributed rod dimensions to model the case of
experimentally typical size-dispersity, varying the width of the respective length and
diameter distributions to study the impact on the percolation threshold as a function of the
severity of the size dispersity. Additionally, we study the impact of mixing low- and
high-L/D fillers on the percolation threshold. These engineered dispersities can be used to
optimize the performance of conducting polymer nanocomposites while providing
improved processability. Our results show that narrow Gaussian distributions do not
affect the threshold concentration or electrical conductivity significantly in isotropic
2

networks. In contrast, the addition of a small fraction of high-L/D rods in a bidisperse
system can improve the electrical properties considerably. Further, by generalizing the
monodisperse case and using empirical approximations from our simulation data, we
have also successfully extended the widely used excluded volume model4 for percolation
to predict φc for networks of polydisperse soft-core, randomly oriented rods with finiteL/D. Our generalized expression finds the critical concentration in nanocomposites with
conductive cylinders with arbitrary size distributions in L and D, assuming that their
distributions are independent, and provides quantitatively accurate φc predictions across
the entire L/D range.
This work is important for predicting insulator-conductor transitions in polymer
nanocomposites containing metal nananowires and carbon nanotubes, providing a robust
and convenient toolkit for composite design and evaluation.
1.4

Overview of Chapter 4
Chapter 4 presents the first quantitative predictions of the dependence of the sheet

resistance of metal nanowire films on the nanowire size, areal density, and size-dispersity
over a very large aspect ratio (L/D = 25 – 800) and areal coverage (up to 70%) range. We
achieve this using a novel combined approach that integrates simulations of quasi-2D rod
networks and experiments of model silver nanowire films with well-defined properties.
We tune a single parameter in the simulations, the effective average contact resistance
between two silver nanowires (Rc_effective), to fit experimental results and subsequently this
value of Rc_effective enables our simulations to quantitatively predict the sheet resistance of
comparable silver nanowire films with arbitrary length, diameter, and areal coverage.
3

Further, by combining our quantitative simulations of sheet resistance and a recently
published empirical expression for optical transmittance, we report the first fully
calculated plot of optical transmittance versus sheet resistance. Our predictions are
consistent with reported experimental results for high-performance silver nanowire films,
demonstrating the ability of our simulations to capture important experimental trends. We
also compare our integrated simulation and experimental approach with the semiempirical percolative model reported by De et al.5, 6 that combines multiple aspects of
network morphology and nanowire properties into a single percolative figure of merit.
Our approach provides superior insight and comprehensive guidance by incorporating the
distinct structural and materials parameters that can be independently varied to optimize
the performance.
The findings presented in this chapter are significant since they quantify the
strong sensitivity of optoelectronic properties in metal nanowire films to the nanowire
sizes and area fractions of nanowires in the film. In particular, the advantages of
increasing L/D and the sensitivity of the sheet resistance to nanowire areal coverage and
size-dispersity

should

motivate

new

synthetic

methods

and

more

rigorous

characterization of nanowire dimensions and area fractions to produce materials with
improved and consistent properties. More generally, this study establishes a robust
framework for understanding and predicting structure-property relationships in metal
nanowire transparent conductors by highlighting the interplay between the most critical
structural parameters that govern performance, as well as setting an important precedent
in achieving the first reported quantitative correspondence between experiments and
4

simulations. Our combined simulation and experimental approach can be readily
extended to predict properties in nanowire films of other metals, as well as to simulate
more complex systems with anisotropic orientations and arbitrary size distributions.
These results provide critical guidance for future experimental work and facilitate reliable
and rapid design of engineered networks with optimized properties for specific
applications.
1.5

Overview of Chapter 5
Computational and analytical studies of continuum electrical percolation in two-

dimensional random rod networks are of increasing interest in the field of transparent
conductors as they provide an important framework for understanding and predicting the
dependence of electrical properties of nanotube and nanowire films on the nanoparticle
sizes and network structure. To date, most theoretical studies of continuum percolation in
two-dimensions have focused on the random widthless sticks system,7-13 with particular
emphasis on investigating the key critical phenomena such as the percolation threshold
and critical exponents, as well as finite-size scaling behavior. Recently, there has also
been debate in the literature surrounding the non-universality of the conductivity
exponent, t, that governs the power-law dependence of the electrical conductivity on the
density. This power-law dependence is expected to hold at filler loadings above but close
to the percolation threshold with a universal conductivity exponent t ≈ 1.3 in two
dimensions.14 Non-universality of t was observed first in experiments of nanotube-based
films,15, 16 and confirmed numerically by several studies of random widthless sticks11, 12,

5

17

reporting a strong dependence of t on both stick density and the ratio of the contact and

stick resistances (Rc/Rstick).
In this chapter, we simulate the conductivity of quasi-2D random networks
comprised of soft-core cylindrical rods that are confined to a plane and performed over a
very wide range of aspect ratios (L/D = 25 - 800) and rod densities (up to 100Nc), and
assuming contact resistance dominated transport (Rc >> Rrod). These simulated
conductivities are then used to determine the percolation threshold and the density
dependence of the conductivity exponent over the entire range of aspect ratios and rod
densities studied. The objective of this work is to clarify and confirm conclusions drawn
on the rod-size-dependence of the percolation threshold and the density dependence of
the conductivity exponent based on the widthless sticks description and modest-density
systems, respectively. The former objective is particularly relevant since the implicit
assumption L/D  ∞ for widthless sticks might not hold for many experimentally
important modest-aspect-ratio systems. We also study the effect of rod size dispersity on
the percolation threshold, proposing a heuristic extension to the finite-width excluded
area percolation model to account for arbitrary distributions in rod length, and validating
this solution with simulation results using the example of a network with a bidisperse
distribution of rod lengths. Chapter 5 builds upon our previous findings and methods in
Chapter 2 and 3. The simulated thresholds and generalized excluded area model
presented in this chapter are relevant for the design of nanowire films with optimized
properties for transparent conductors.

6

1.6

Overview of Chapter 6
Electrical percolation theory represents a binary view of electrical properties in

polymer nanocomposites whereby the system is either insulating or conducting below
and above the percolation threshold, respectively. Current-voltage characterizations of
silver nanowire (Ag NW)/polystyrene (PS) nanocomposites recently found dynamic
electrical behavior that expands this traditional view of electrical properties of polymer
nanocomposites.18, 19 To further understand the resistive switching mechanism of the bulk
composite system and explore possible digital memory applications, we have designed
and fabricated nano-gap nanowire devices comprised of lithographically-defined metal
strips (nanowires) separated by polymer-filled nano-gaps. Using these devices, the
complexity of the bulk nanocomposite is significantly reduced as the switching
mechanism between a polymer-mediated metal-nanowire junction is isolated. These
Ag/PS/Ag nano-gap devices demonstrate reversible resistive switching behavior. Highly
reversible switching behavior was achieved with high on-off ratios > 103 and one device
switched reversibly in excess of 550 cycles. Ex-situ SEM of the devices after testing finds
gap remodeling for samples that were subjected to heavy electrical testing. Evolution of
the gap with electrical testing is consistent with the filamentary conduction hypothesis
proposed in the bulk Ag NW/PS nanocomposite case. The observation of reversible and
robust resistive switching in the Ag/PS/Ag nano-gap devices presented in this chapter is
significant by establishing the viability of traditional insulating polymers for dynamic
electrical applications.
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CHAPTER 2: BACKGROUND ON ELECTRICAL PERCOLATION IN
POLYMER NANOCOMPOSITES
2.1

Overview
Anisotropic conducting particles, such as carbon nanotubes, carbon nanofibers, and

metallic nanowires, have sparked considerable interest in the field of polymer
nanocomposites in the past two decades. Relative to traditional spherical fillers, their
excellent electrical properties, nano scale, and high aspect ratio can increase the bulk
conductivity of typical engineering polymers by ~1010 – 1014 S m-1 at very low filler
concentrations (< 1 vol%). Reported maximum conductivities for CNT-based polymer
composites typically range between ~10-5 to 103 S m-1 depending on the CNT loading and
details of the CNT and composite microstructure.1 Similar values have been reported for
metal nanowire-polymer composites systems.2, 3 While these conductivities are relatively
low compared to metals, conducting polymer nanocomposites are ideal for a wide range
of important applications with moderate conductivity requirements, as well as the added
benefit of their lower cost, light weight, ease of processing, and flexibility. Two primary
applications of bulk conductive polymer nanocomposites are electromagnetic interference
(EMI) shielding and electrostatic dissipation (EDS), for which moderate conductivities
are required ( > 1 S m-1 for EMI and 10-4 – 100 S m-1 for EDS).4,

5

EMI shielding is

important for the protection of electronic devices, which can both emit and are
susceptible to stray electromagnetic emissions. EMI shielding enclosures are of particular
importance for portable electronic systems such as laptops, cell phones, and pagers.
Similarly, polymer nanocomposites offer superior performance for EDS and antistatic
applications, which are critical across many industries such as automotive, aerospace, and
10

electronics. Conductive polymer nanocomposites are also being explored for novel thinfilm applications including chemical and biological sensors, photovoltaic devices,
flexible and transparent plastic electronics, printable circuit wiring, variable resistors, and
actuators.4-7 Harnessing the full commercial potential of these promising materials
requires an in-depth understanding and predictive capability of the key structure–property
relationships that govern the electrical properties of polymer nanocomposites. While
there has been considerable activity in this field, many unresolved questions remain,
particularly with regard to the specific effects of filler properties and composite
microstructure on the electrical properties of the material system. This, in turn, requires
targeted theoretical and experimental studies in well-defined systems.
Percolation theory describes connectivity of objects within a network structure, and
the effects of this connectivity on the macroscale properties of the system. Percolation
models have been successfully applied to describe the electrical conductivity of polymer
composite systems in which a distinct insulator to conductor transition is observed with
increasing filler fraction. Theoretical studies of electrical percolation of conducting rod
networks provide an important framework for understanding and predicting the
dependence of the electrical properties of polymer nanocomposites containing elongated
nanofillres on the filler attributes and network structure. This chapter presents an
overview of the main analytical and numerical approaches used to study electrical
percolation phenomena that are relevant to conducting polymer nanocomposites
containing elongated nanofillers.
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2.2

Electrical Percolation in Polymer Nanocomposites
It has been established both experimentally and theoretically that the macroscopic

electrical conductivity, σ, of polymer composites follows a power law dependence
predicted by percolation theory for filler concentrations, φ, sufficiently close to the
percolation threshold, φc (Fig. 2.1):
σ ≈ σ0 (φ − φ c )

t

(1)

where σ0 is a pre-exponential factor that depends on the conductivity of the fillers, their
contact resistance, and the network topology.8 The critical exponent, t, depends on the
connectivity of the system and is expected to reduce to the universal value of t ≈ 1.33 and
t ≈ 2 for two- and three dimensions (2D and 3D), respectively.9, 10 However, considerable
variability has been observed in the experimentally obtained values of t with values as
high as ~10.1 The source of this non-universality in t values is not well understood,
although some studies have attributed it to the complex tunneling transport processes in
real composites.11-14 Additional contributions to the non-universality in CNT/polymer
nanocomposites specifically include variability of CNT conductivities (from metallic to
semiconducting), the complexity of CNT junctions when CNTs exist in small bundles,
and the flexibility of CNTs. The power law equation (Eq. 1) is expected to hold only
close to the percolation threshold, though the upper limit of applicability is ill-defined.
Electrical percolation in conducting polymer composites containing elongated fillers
is strongly dependent on the attributes of the filler, namely the aspect ratio (L/D),
electrical properties, and dispersity in filler properties, as well as the nanocomposite
12

microstructure, which encompasses the dispersion and orientation of the filler within the
polymer matrix. Experimental and theoretical studies have shown a strong dependence of
the electrical properties on the aspect ratio of the fillers, whereby high L/D fillers result in
lower percolation thresholds and higher conductivities at fixed loading.3,

15-17

The

superior performance of high aspect ratio fillers is due to their ability to form networks
more efficiently with fewer contacts required to form a spanning cluster. As a result, very
low threshold values of the order of 1 vol% are typical for CNT/polymer composites,
with values as low as 0.1 vol% and lower achieved in some cases.1 By comparison, the
predicted critical volume fractions are 35 vol% and 64 vol% for randomly distributed
soft-core and hard-core spheres in 3D, respectively.18-21 Experimentally, the percolation
threshold for conventional fillers such as carbon black range between 3 and 15 wt%, and
can be as high as 60 wt% for metallic powders.22 Due to the strong L/D dependence of
the electrical properties in these systems, size dispersity in the filler dimensions can
significantly impact the performance.17, 23-25
Filler orientation also has a significant effect on the percolation threshold in
networks of anisotropic particles. Anisotropic nanoparticles in a polymer matrix can be
aligned by shear forces that are typical in standard polymer processing methods. When
rod-like particles become highly aligned, fewer contacts exist between them and the
network structure is destroyed, resulting in a substantial drop in the conductivity. In both
2D26-28 and 3D27, 29, 30 studies of electrical percolation of aligned rod networks, the lowest
percolation thresholds occur when the distribution of rod orientations are isotropic or
slightly anisotropic. The electrical percolation then increases with higher levels of
13

alignment (larger S). These results are observed in both simulations and experimental
studies.
Significant scatter in reported percolation thresholds and conductivities for similar
composite systems1 can be attributed to the variability in filler attributes and composite
microstructure. This is particularly true for nanotube-based composites, due to
widespread dispersity in nanotube properties from semi-conducting to metallic, and the
difficulty of dispersing nanotubes in a polymer matrix. In this thesis, special emphasis is
placed on the dependence of the electrical properties in polymer nanocomposites on the
filler size and network structure, though we have reviewed the strong effects of
nanocomposite microstructure elsewhere.31, 32
Note that in the discussion of electrical properties of polymer nanocomposites, the
effect of matrix properties on the overall composite conductivity is often ignored. In
general, this is a justified omission, as the electrical conductivity of high-performance
10

fillers such as CNTs and metal nanowires is typically many orders of magnitude (>10 )
larger than that of most polymers. Indeed, the filler conductivity, geometry, and
distribution within the polymer matrix are well established as the dominant factors that
determine the percolation threshold and composite conductivity. However, the polymer
matrix does affect the filler distribution and network geometry, thereby impacting the
electrical properties of the composite indirectly. Based on the available data for carbon
nanotube-based composites,1 there seems to be no systematic trends in composite
conductivity with the type of polymer matrix. As the matrix electrical properties have a
seemingly negligible effect on the final conductivity of the composite and only very low
14

filler loadings are required to achieve high conductivity, the matrix can be selected to
provide the desirable nonelectrical properties for the intended application or to impose a
desired nanoparticle dispersion.
Percolation phenomena in disordered media have been extensively studied via
various analytical and simulation models since the 1950s. Early percolation models were
based on lattice networks with particles confined to well-defined periodic positions.
Lattice systems have been solved analytically for 1D and 2D systems,33-35 and
numerically via Monte Carlo simulations for 3D.36, 37 Even though many exact analytical
and numerical solutions are available for lattice percolation systems, these models are
poor representations of real composite systems. As a result, continuum (or off-lattice)
models were developed to provide greater flexibility in the placement and orientation of
objects in space. Studies of continuum percolation of rods are important for predicting
insulator–conductor transitions in real composite systems with rod-like fillers. Such
systems include early fiber-reinforced polymer composites and the more recent polymer
nanocomposites containing carbon nanotubes and metal nanowires. Since the early
1980s, extensive analytical and computational studies have been conducted for sticks in
2D,26, 27, 38 and also for rods in 3D.8, 15, 16, 23, 24, 30, 39-45
2.3

Tunneling Percolation
The criterion for classical percolation theory is the onset of geometrical

connectivity, which leads to a dramatic increase in electrical conductivity. However, the
particles in polymer nanocomposites can be separated by a polymer layer, even at higher
loadings.12,

46

In this scenario, geometric and electrical connectivity are not
15

commensurate, and electric transport between conducting particles occurs mainly via
quantum mechanical tunneling and hopping of electrons through the intervening
polymer.5, 11, 12, 47-49 Nevertheless, polymer composite systems generally conform well to
the classical percolation theory, exhibiting power law dependence of conductivity on
concentration with both universal and non-universal values of the critical exponent, t.
Balberg and co-workers11-14,

47, 50

set to resolve this paradox by means of a proposed

tunneling-percolation model, which considers the exponential decay of the tunneling
probability and the special features of the distribution function of interparticle distances.
In this formalism, the observed conformity of experimental systems to the percolation
theory arises from the percolation-like tunneling network of particles that have neighbors
separated by distances of the order of the tunneling decay distance or less, whereas the
rest of the neighboring particles are essentially ‘removed’ from the tunneling network.
These nearest particles form a dominant conduction pathway (or effective percolation
cluster) within the system. The recent experimental support for this tunneling percolation
model was obtained via capacitance probe microscopy studies of carbon black/polymer
composites47, 51 in which the percolating clusters in the material were found to consist of
nearest-neighbor particles. Ambrosetti et al.46,

52

also reproduced the main features of

percolation-like volume fraction dependence of conductivity in nanocomposites without
imposing a microscopic cutoff (ignoring conductance contribution from larger
interparticle distances) a priori. This approach, like Balberg’s tunneling percolation
model, also relies on the decaying nature of tunneling conductivity with increasing
interparticle separations.
16

2.4

The Excluded Volume Model of Percolation
The excluded volume model is the most commonly used continuum analytical

model of percolation. The excluded volume of an object is defined as the volume around
the object into which the center of mass of another identical object cannot enter without
contacting the first object as illustrated in Fig. 2.2.53 The principal concept in the
excluded volume model is that the percolation threshold of a system is determined by the
excluded volume of filler particles, rather than their true volume. Specifically, the the
critical number of filler particles per unit volume required for geometrical percolation,
Nc, is inversely proportional to the average excluded volume of a filler particle. For
spheres and systems of perfectly aligned objects, the excluded volume is a simple
multiple of the object’s true volume, and the percolation thresholds for these systems
have been found to be dimensionally invariant.15, 18 For elongated, unaligned objects, the
excluded volume can differ significantly from the object’s true volume and also depends
strongly on the orientation of the object.15 In this case, the total excluded volume and
percolation threshold cease to be dimensional invariants and are determined by both the
aspect ratio of the objects and their relative orientation, with the upper limit being the
value for the all-parallel system. The excluded volume model has been applied in
conjunction with simulations to describe critical percolation phenomena for a wide
variety of filler geometries, ranging from spheres,15 rods,

3, 8, 15-17, 30

and disk-shaped

fillers.40 In the case of rod-like fillers, excluded volume solutions were first formulated
for soft-core (interpenetrable) rods,15 and later extended to core–shell (impenetrable hardcore surrounded by a penetrable shell) rods.16

17

The simplest and most widely used form of the excluded volume solution for the
percolation threshold in networks of elongated fibers is the slender-rod limit
approximation (L/D  ∞). However, as will be discussed in Chapter 3 of this thesis, the
underlying assumption of infinite aspect ratio makes the slender-rod limit solution most
appropriate for fillers with very high aspect ratio (L/D > 500),16 though the predictions
are increasingly accurate for L/D > 100.3

Given that many of the conductive

nanoparticles of interest important nanofillers have modest aspect ratios (< 100) either
inherently or as the result of filler or composite composite processing techniques,3, 54 the
appropriateness of existing slender-rod-limit theories can be limited. In Chapter 2 we
successfully applied empirical corrections to the slender-rod limit of the excluded volume
model to reliably predict electrical percolation in finite-L/D systems.
2.5

Simulations of Percolation
Monte Carlo simulation approaches are the most widely and successfully used

methods to approximate critical percolation phenomena in the continuum. These studies
address statistical percolation whereby fillers are randomly distributed within a volume
and form percolating paths as their concentration increases. Simulations of electrical
percolation in composite materials typically focus on the morphology of percolating
networks and the corresponding critical parameters (critical volume fraction, size of the
critical cluster, the critical exponent) as a function of filler shape and spatial
distribution.3,

8, 15-17, 26, 27, 40-43, 55

Numerical modeling of the percolation behavior in

composites with high-aspect ratio fillers can be prohibitively computationally intensive.
As a result, a common simplifying assumption is to allow the fillers to have soft cores. In
18

addition, excluded volume arguments provide useful theoretical approximations in many
computational studies.8, 16, 40
2.6

Prediction of Network Conductivity
As discussed above, simulations are used extensively to explore the critical

concentration at which a percolative network first forms as a function of the filler
attributes and composite microstructure. In contrast, simulations of the electrical
conductivity of percolative networks (φ > φc) in polymer nanocomposites remain
relatively unexplored. Realistic simulations of electrical conductivity require in-depth
knowledge of the electrical transport mechanisms between particles, as well as an
accurate depiction of the particle network from filler size and shape to their placement
and orientation in the matrix. Despite these challenges, this topic is steadily receiving
more attention as more electrically conductive high-aspect-ratio fillers become available
and various analytical and simulation approaches are now available to model composite
conductivity for such systems.
The first extension of the percolation theory to address the problem of electrical
transport in composite materials was conducted by Kirkpatrick 37 using a random resistor
network model. Random resistor networks are created by assigning each node in the
network with a resistivity value and calculating the current flow through the entire
network at a fixed applied voltage by solving Kirchoff’s law at every node. Kirkpatrick’s
random resistor model provides a simple and convenient discrete model for the
conductivity of an assembly of conductive particles if the connectivity of the particles is
known. As a result, various extensions of this approach are widely used to approximate
19

the conductivity of conductor–insulator composites.30,

43, 44

Typically, a network

morphology of conducting particles is created using computational approaches and the
junctions between particles established using various connectivity criteria. For example,
two soft-core rods are connected when the shortest distance between their center lines is
≤ D, where D is the rod diameter. Similar connectivity criteria can be defined for core–
shell rods. The simulated network morphology is then converted into an effective resistor
network via discretization of particles and junctions into nodes with assigned resistance
values. The current at each node is found using Kirchoff’s current law. Although the
effective-resistor networks are often highly idealized, additional levels of complexity can
be incorporated by using experimentally realistic values of contact and filler resistances,
and by accounting for the distribution of tunneling contact resistances based on
interparticle distances.22,

46, 52

Despite the complexity of electrical transport in

inhomogeneous media, studies based on idealized systems have been relatively
successful in reproducing the main features of the volume fraction dependence of the
electrical conductivity.12, 30, 44, 46, 52, 56 The quantitative predictive power of these models
will remain limited until they incorporate the wide variations in real composites such as
polydispersity of physical and electrical properties of the fillers, as well as non-uniform
matrix microstructure owing to the effects of internal interactions and processing
conditions.
2.7

Kinetic Percolation
The above described statistical percolation analytical and simulation approaches

have been successful in capturing the main features of electrical percolation phenomena
20

in polymer composite materials. Kinetic percolation includes the effects of particle
motion owing to internal interactions (particle–particle and particle–matrix) as well as
external stimuli such as applied shear and electric fields.1,

57-59

Accounting for particle

motion owing to internal and external interactions is important in predicting the final
network structure (and by extension, the electrical properties), as most polymer
nanocomposites and nanoparticle assemblies are solution- or melt-processed. Although
kinetic percolation is beyond the scope of this thesis, our contributions to percolation
theory and simulation provide an important foundation for advances in kinetic
percolation.
2.8

Concluding Remarks
Conducting polymer nanocomposites containing rod-like fillers such as carbon

nanotubes and metal nanowires are a versatile class of materials that are of interest for a
wide range of applications. Several such materials have already entered the marketplace
and continued growth of their commercial availability is expected as demand for high
performance engineering plastics and thermosets increases. Numerous analytical and
simulation studies have been conducted to investigate electrical percolation phenomena
in polymer composite systems. Experimental and theoretical studies both demonstrate
that the main factors that determine the electrical properties of polymer nanocomposites
are the filler concentration, shape, orientation, electrical properties, and dispersion state
within the polymer matrix. In the past, theoretical studies typically addressed problems of
network morphology and the corresponding critical parameters such as the percolation
threshold. More recently, however, there has been an increase in the number of studies
21

that explicitly attempt to model and predict the electrical conductivity of polymer
nanocomposites. Despite the highly complicated nature of electrical transport in
composite materials, theoretical studies based on more idealized systems can reveal
technologically

and

experimentally

relevant

insights.

Moreover,

coordinated

experimental and theoretical studies of such model polymer nanocomposites can
elucidate key structure–property relationships and reveal important insights into the
underlying transport mechanisms by isolating the features of interest in these complex
and promising systems.
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2.10

Figures

Figure 2.1 (a) Electrical conductivity of SWCNT/polycarbonate composites as a function
of SWCNT mass fraction, m. Approximate conductivity requirements for different
applications are noted on the graph; (b) Calculation of the percolation threshold by
application of a power law (Eq. 1) to the experimental data. Reprinted with permission
from Ramasubramaniam et al., Appl. Phys. Lett. 2003, 83, 2928. [Ref. 60] Copyright
2003, American Institute of Physics.
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Figure 2.2. (a) In 2D, the excluded area of stick i with length L and width D is obtained
by moving an identical stick j, oriented at angle θ relative to i, around stick i such that the
two sticks just touch each other, and tracing the path made by the center of stick j during
this motion (black polygon). The area within the black polygon is the excluded area, and
takes the shape of an irregular octagon in this case. In 3D, if γ is the angle between the
axes of the two sticks, then the excluded volume is obtained similarly by moving stick j
around stick i in three-dimensional space while maintaining their relative orientations.
The irregular octagon in (a) is a two-dimensional projection of this excluded volume. The
average excluded volume per stick for a system of many sticks is obtained by averaging
sin (γ) over all possible solid angles in three dimensions. (b) For spherical (or circular in
2D) and parallel (fully aligned) objects, the excluded volume (area) has the same shape as
the object and is a constant multiple of the object’s true volume (area). The excluded area
of a circle is simply 4*A while the excluded volume of a sphere is 8*V, where A and V
represent the true area and volume of the circle and sphere, respectively.
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CHAPTER 3: SIMULATIONS AND GENERALIZED MODEL OF THE EFFECT
OF FILLER SIZE DISPERSITY ON ELECTRICAL PERCOLATION IN ROD
NETWORKS
3.1

Introduction

3.1.1

Overview of Chapter
In this chapter, we present a simulation study of the effect of filler size dispersity

on the percolation threshold in three-dimensional isotropic networks containing finitesized, conductive cylinders with modest aspect ratios (L/D = 10 - 100). We have
previously used this simulation approach to explore the effects of orientation and aspect
ratio on the electrical properties of polymer nanocomposites with monodisperse fillers.1, 2
In the latter study, our simulations successfully predicted experimental φc for silvernanowire/polystyrene composites with modest nanowire aspect ratios (L/D < 35).
Further, using empirical approximations from our simulation data, we will successfully
generalize the widely used excluded volume model3 for percolation in soft-core,
monodisperse rod networks to account for finite-L/D and size dispersity of rods. Our
solution holds for arbitrary distributions in L and D, assuming that the distributions are
independent, and provides quantitatively accurate φc predictions across the entire L/D
range. In addition, we adapt Otten and van der Schoot’s slender-rod-limit analytical
solution4,

5

to extend its applicability to polydisperse networks of finite-L/D rods. Our

simulation results, coupled with our adaptations of existing analytical models, provide a
robust and convenient predictive toolkit for composite design and evaluation.
3.1.2

Background
Percolation theory describes connectivity of objects within a network structure,

and the effects of this connectivity on the macroscale properties of the system.
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Computational and analytical studies addressing the percolation of rods are important for
predicting insulator–conductor transitions composites with conductive particles. Such
systems include early fiber-reinforced polymer composites and the more recent
nanocomposites containing carbon nanotubes, metal nanowires and graphene, that have
sparked considerable interest due the dramatic improvement of the electrical properties of
insulating polymers at very low filler concentrations (< 1vol% in some cases). Realizing
the full potential of these novel materials requires an in-depth understanding and
predictive capability of the key structure–property relationships, particularly geometric
percolation.
Since the early 1980s, extensive analytical and computational studies of
percolation phenomena have been conducted for sticks in two dimensions6-8 and rods in
three-dimensions.1-3, 9-13 Despite this large body of theoretical literature, there are major
gaps in our understanding of the effects of experimentally typical non-idealities in
polymer nanocomposites on the percolation threshold (φc) such as non-uniform filler
dispersion and polydispersity in filler size, shape and properties. Indeed these factors are
believed to be a major source of the considerable disparity in the thresholds and
conductivities reported in the literature for seemingly similar nanoparticle/polymer
systems.14 This is particularly true for carbon nanotubes, for which all synthesis methods
yield nanotubes with varying diameter, length, and chirality. As the percolation
phenomena are strongly dependent on the aspect ratio of the filler, wide distributions in
filler length and diameter are expected to significantly affect the percolation threshold of
the final composite. Recent analytical work by van der Schoot and coworkers4,
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5, 15

investigated the impact of polydisperse fillers using both percolation and liquid state
theories, reporting a very strong sensitivity of φc on the degree of filler size dispersity.
Chatterjee16, 17 employed a modified Bethe lattice approach to estimate φc of polydisperse
rod networks, obtaining results that are consistent with Otten and van der Schoot’s
connectedness Ornstein-Zernike equation approach.4,5 However, these analytical
approaches employ approximations that are mean-field in nature, and can only be
considered quantitatively accurate in the limit of very large aspect ratios (L/D  ∞).
Berhan and Sastry9 showed that convergence to the slender-rod limit solution for
monodisperse rod networks is very slow and not achieved for L/D as high as 500. Many
important nanofillers have modest aspect ratios (<100), and common composite
processing techniques such as sonication lead to dramatic size reduction for high L/D
fillers such as CNTs.18 Thus, the appropriateness and practical utility of existing slenderrod-limit theories when predicting percolation thresholds in particle networks and
nanocomposites must be considered.
3.2

Simulation Method
A random configuration of straight, soft-core (i.e. interpenetrable), cylindrical

rods is generated in a large supercell (h = 1 unit, l = √0.1 unit, and w = √0.1 unit). In this
paper, the centers of mass of the rods are randomly distributed in the supercell and the
angular distributions of the rod axes are uniformly random to form isotropic networks.
For the first example of size dispersity, the rod lengths and diameters are normally
distributed about a specified Lmode and Dmode, with the width of each length and diameter
distribution (standard deviation, σL and σD) expressed as 0% - 100% of the respective
33

modes. In the second example of size dispersity, we simulate networks comprised of two
monodisperse size populations of low- and high-aspect-ratio rods. Here, low-aspect-ratio
reference rods with L/D = 10 (L = 0.04 unit, D = 0.004 unit) are mixed with various
fractions of longer (bidisperse distribution in rod length) or thinner (bidisperse
distribution in rod diameter) rods with L/D = 20, 40 and 80 in the simulation volume.
The supercell is divided into tiling cubic sub-blocks, whose length is greater than
the rod length, and rods which fall into each sub-block are registered. Aided by the subblock data structures, the possible neighbors of each rod are determined with
computational complexity that scales linearly with the total number of rods. Then, the
shortest distance between the centers of two possible neighboring rods is calculated using
a close-formed formula, from which one can determine whether they are in contact when
this shortest distance is < D. A clustering analysis is then carried out to decompose the
rod configuration into (i) percolating clusters of contacting rods that simultaneously
touch the top and bottom surfaces of the supercell, and (ii) non-percolating clusters. The
total conductance is the sum of the individual percolating cluster conductances, and the
non-percolating clusters are simply ignored. For each percolating cluster, one assumes
every rod i has a uniform voltage Vi (no internal resistance) that is an unknown variable,
except for those rods that touch the top (Vi = 1) or the bottom

(Vi = 0). A system of

linear equations is then established for each cluster, assuming that all the electrical
resistance results from contact resistances between neighboring rods (contact resistance =
1 Ω, rod resistance = 0 Ω, matrix resistance = ∞), and the sum of electrical currents that
flow in and out of any rod (that is not touching the top or bottom surface) must be zero.
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This system of linear equations is solved using the pre-conditioned conjugate gradient
iterative (KSPCG) method19 as implemented in the Portable, Extensible Toolkit for
Scientific Computation (PETSc) package, where the incomplete LU factorization
preconditioner (PCILU) is used, to obtain the cluster conductance. This procedure is
repeated to generate a large number of configurations to obtain the ensemble-averaged
conductance. Simulations were performed for each condition at a range of rod volume
fractions (φ), corresponding to ~2000 – 1,000,000 rods depending on the prescribed

φ and L/D. For each case, the simulated conductivity was fit using a power law to obtain
φc and the exponent t, and in all cases t ≈ 2, the expected value for rods in 3D (see Fig. 1
in Appendix A). In addition to finding φc, our simulation method predicts the
conductivity at φ > φc, which we have previously used to study the effect of orientation.1
The assumptions underlying our simulations of rod networks and their
implications are summarized here:
(i) Soft-core (or interpenetrable) rods: Rods are allowed to overlap and are
considered to be in contact when the shortest distance between their centers is less
than D. While this is an unphysical assumption, our previous results show that it
introduces negligible error,2 particularly at higher aspect ratios when the overlap
volume is small relative to the total rod volume.12
(ii) Contact resistance >> rod resistance: Contact resistance dominates the electrical
conductivity in polymer nanocomposites with conductive fillers, wherein
electrons tunnel from one rod to the next across a polymer barrier.
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(iii) Contact resistance is fixed: While the contact resistance is a strong function of
the inter-rod distances due to tunneling, substituting a step function by
implementing a constant contact resistance is reliable.2 Furthermore, an arbitrary
constant value of the contact resistance (1 Ω) is sufficient to qualitatively capture
experimental trends in the simulated conductivity.1
Points (i) and (iii) are consistent with the tunneling percolation model proposed by
Balberg and coworkers.20-24 Here, the tunneling conductance of particles separated by a
distance larger than the typical tunneling range is considered negligible and these
connections are essentially ‘removed’ from the tunneling network (contact resistance =
∞). Thus, the observed conformity of experimental systems to geometric percolation
theory arises from the percolation-like tunneling network of particles that have neighbors
separated by distances of the order of the tunneling decay distance or less.
3.3

Results and Discussion

3.3.1

The Excluded Volume Model
In the widely used excluded volume model,3 φc is determined by the excluded

volume of the filler particles, rather than their true volume, where the excluded volume is
defined as the volume surrounding a particle into which the center of mass of a second,
identical but differently oriented particle cannot enter without contacting the first particle.
Specifically, the critical number of filler particles per unit volume required for
geometrical percolation, Nc, is inversely proportional to the average excluded volume of a
filler particle, Vex_rod:

Nc ∝

1

(1)

Vex _ rod
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In the slender-rod limit (L/D → ∞), it has been shown, using a cluster expansion
method10, 11 that this proportionality becomes a true equality. The average excluded per
rod in a randomly oriented system of soft-core, cylindrical rods is given by:25

Vex _ rod =

π

π
 π
D  D 2 + L2  + D 2 L(3 + π ),
2 4
 4

(2)

where L and D are the length and diameter of the cylinder, respectively. Note that Eq. (2)
for cylindrical rods is more appropriate for our simulations and experiments than the
approximation based on the excluded volume of a sphero (end-capped) cylinder that we
have used previously.1,

2

Thus, the percolation threshold for an isotropic network of

monodisperse cylindrical particles is given by:

π

φ c = N cVrod

D2 L
1
Vrod
4
=
,
=
=
πD
L
Vex _ rod π  π 2 2  π 2
+ 2 + (3 + π )
D D + L  + D L(3 + π )
D
2 L
 4
2  4

(3)

where Vrod = (π/4)D2L is the volume of a cylinder. Equation (3) predicts a decrease in φc
with increasing rod aspect ratio, which is consistent qualitatively with experiments and
simulations.
An underlying assumption of infinite aspect ratio makes Eq. (3) most appropriate
for fillers with very high aspect ratio. This is due to the fact that the percolation threshold
in a three-dimensional isotropic rod system has higher order dependencies on R/L that
vanish in the slender-rod limit.10, 11 Néda et al.13 conducted Monte Carlo simulations of
isotropic, three-dimensional, soft-core rod networks and used their simulation data to
derive a relationship between Nc and Vex_rod that gives a numerical approximation of the
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constant of proportionality in Eq. (1) as a function of the rod-aspect-ratio. They
introduced a variable s such that
s = N cVex _ rod −1,

(4)

where Nc is extracted directly from their simulations. Their results confirmed the
analytical prediction that s = 0 in the limit of R/L  0 and demonstrated that ln (s) varies
linearly with ln (R/L). Berhan and Sastry9 calculated s values from their Monte Carlo
simulations for L/D ranging between 15 and 500, showing very slow convergence of s to
the slender-rod limit value of 0.
Thus, a more appropriate analytical solution for the percolation threshold for
isotropic, monodisperse rods with finite-L/D is:

π

φ c = N cVrod

2

(1+ s) D L
(1+ s)Vrod
4
,
=
=
π π 2 2  π 2
Vex _ rod
D D + L  + D L(3 + π )
 4
2  4

(5)

where s values are obtained empirically from simulation data, and Eq. (5) reduces to Eq.
(3) in the slender-rod limit when s = 0.

The reader should note that the quantity

1+s = Nc Vex_rod is numerically equal to the average number of bonds or contacts per
object at percolation, Bc.3,

9

This follows from the fact that in an excluded volume

framework, the critical number of bonds per object corresponds to the number of centers
of objects which enter the excluded volume of a given object.3 By definition, Bc (or 1+s)
is also equivalent to the total excluded volume when the simulation volume is a unit cube.
Using φc from our results and Eq. (5), calculated (1+s) values for L/D = 10 - 100 and
subsequently found (Fig. 3.1):
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 R  0.46
s = 3.2 
 L

(6)

Equation (6) gives the empirical correction factor for predicting φc for isotropic,
monodisperse, soft-core rods with arbitrary L and D using the finite-L/D excluded
volume solution (Eq. 5). Equation (6) is in good agreement with Berhan and Sastry’s9
expression s = 5.23(L/R)-0.57 , further corroborating our simulation method (see Fig. A2 in
Appendix A).
3.3.2

Comparisons of Experiments, Simulations and Model
In our previous work, we reported the dependence of the electrical conductivity

on the percolation threshold on the filler loading and aspect ratio, respectively, in model
silver nanowire-polystyrene composites containing nanowires with modest L/D (< 35)
and narrow L/D distribution.2 In Fig. 3.2, we compare the L/D-dependence of the
percolation threshold from these experimental silver nanowire-polystyrene composites2 to
(i) results from our simulations of monodisperse, isotropic networks of soft-core
cylinders,2 (ii) the excluded volume model slender-rod solution3 [Eq. (3)], and (iii) the
finite-L/D excluded volume model solution [Eq. (5)] using values from our simulations
[Eq. (6)]. Quantitative comparison of our simulations and model to experiments is
credible because our silver nanowire-polystyrene composites meet the following
important criteria: nanowires have narrow size dispersity and well-defined electrical
properties, are straight cylinders and are well dispersed in the polymer matrix.2 The
slender rod limit solution significantly underestimates φc relative to our experimental and
simulation values, and this discrepancy is more pronounced for lower L/D values. On the
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other hand, there is reasonable agreement between the experimental values and results
from our simulations of soft-core, finite-sized cylindrical rods. Finally, φc predictions
from our finite-L/D analytical solution are in excellent agreement with our simulation
data, showing that Eq. (5) and (6) are successful in extending the applicability of the
excluded volume solution to networks of soft-core, monodisperse rods with finite L/D. In
our earlier publication,2 we highlighted the agreement between the simulations and
experiments in Fig. 3.2. Here, we have made the critical advance of providing an
analytical expression that captures the simulation and experimental results. This excluded
volume theory for finite-size cylinders serves as the foundation from which we explore
the impact of size dispersity in isotropic systems.
3.3.3

Polydisperse Rod Networks: Generalized Excluded Volume Model
We propose a valuable extension to our finite-L/D excluded volume model

solution to predict φc for isotropic networks of rods with arbitrary distributions in L and
D. We accomplished this by a heuristic generalization of the monodisperse case by taking
the average of Eq. (5), with the assumption that L and D distributions are independent:

φc =

(1 + s poly )

π

π
D n  D2
2
4

π
4

D2

n

L

n

 π
+ L +
D2
n
 4
2

n

n

L

n

(3 + π )

=

(1 + s )
poly

π D
2 L

n
n

+2

L
D

w

(3 + π )

,

(7a)

w

Furthermore, we use Eq. (6) from our monodisperse simulations to calculate spoly as a
function of the number average of L and R of the polydisperse rods.

spoly

 R  0.46
= 3.2 n 
 L n

(7b)
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The first term in the denominator of Eq. (7a) is negligibly small at low L/D and vanishes
as L/D increases, and thus the expression is dominated by the weight average term in the
denominator. The result is a weight average dependence of the percolation threshold on
the rod dimension distributions, and is in qualitative agreement with the infinite-L/D
analytical solutions by van der Schoot and co-workers.4,

5, 15

A weight average

dependence is intuitive, since higher L/D rods in the polydisperse network play a more
critical role in network expansion. Experimentally, where the exact form of the size
distributions may not be known, the sample mean and variance suffice to estimate the
first and second moments of L and R distributions in Eq. (7). The generalization of the
(1+s) correction factor in Eq. (7b) involves a number average because the quantity (1+s)
= Bc, or the total excluded volume, is proportional to the number density of rods at
percolation, Eq. (4). Thus, as expected, calculating (1+spoly) based on the weight average
of the rod dimensions resulted in a poorer fit to simulation data, particularly for large size
distributions (see Fig. A5 in Appendix A).
3.3.4 Polydisperse Rod Networks: Comparison of Simulations and Generalized
Model
Firstly, we compare our analytical expression [Eq. (7)] to simulations of rods
having experimentally relevant Gaussian distributions in L and D. In Fig. 3.3, we plot
simulation results and generalized model [Eq. (7)] predictions of the impact of Gaussian
distributions of varying width on the percolation threshold for rod networks that have
polydispersity in L only, D only, or both L and D. For wide distributions (σL , σD > 30%
of Lmode, Dmode) we truncate negative values of L and D, breaking the symmetry of the
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Gaussian distribution and resulting in an excess of longer (Lmode < ‹L›n < ‹L›w) or wider
rods (Dmode < ‹D›n < ‹D›w). Figure 3.3 shows that φc is insensitive to polydispersity for
narrow distributions (σL , σD < 30%) and when there is comparable size polydispersity
in both L and D (σL = σD). On the other hand, a significant decrease in φc relative to the
monodisperse case is observed for large dispersities in L when σD = 0, due to the
abovementioned asymmetry of the L distribution that results in an excess of longer highL/D rods. Conversely, large dispersities in D when σL = 0 cause φc to increase due to an
excess of wider low-L/D rods. Moreover, we also observe excellent agreement between
our simulations and predictions from our generalized excluded volume model solution
[Eq. (7)] for polydisperse rod networks. Similar results were obtained for rod networks
with a lower Lmode/Dmode = 10 (Appendix A).
Secondly, we explore the effect of bidisperse distributions in rod size on isotropic
networks comprised of two size populations, namely low- and high-aspect-ratio rods.
These networks exploit the dominant contribution of high-L/D filler particles in network
formation and the processability of low-L/D particles. Similar networks were studied by
van der Schoot and co-workers4, 5, 15 for rods with infinite-L/D, and by Rahatekar et al.
who simulated the effects of small additions of low-L/D rods to oriented networks of
high-L/D rods.26 To simulate a bidisperse network morphology, we define reference rods
with L/D = 10 (LRef = 0.04 units, DRef = 0.004 units), and longer high-L/D rods (L > LRef,
D = DRef) where the rod-length ratio is rL = LLong/LRef. The amount of longer rods added to
the network is given as a relative volume fraction FLong = φLong/(φLong +φRef). By
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increasing FLong, φc is lowered and the reduction in φc is most pronounced at small FLong
for larger rL, Fig. 3.4(a). We also observe excellent agreement between our simulations
and predictions from our generalized excluded volume model expression [Eq. (7)],
showing that the solution holds for arbitrary distributions in L and D. Similar results were
obtained for rods with a bidisperse distribution in diameter, with the higher L/D rods in
the bidisperse system being thinner (D < DRef, L = LRef) and FThin = φThin/(φThin +φRef)
(Appendix A). Note that others use a number fraction notation (x) and report a very
dramatic reduction in φc for small xLong, versus a moderate effect for large xThin.4 We
report bidispersity in volume fraction, because the volume of rods depends differently on
L and D (V ∝ D2 vs. V ∝ L), and volume fraction is experimentally more accessible than
number fraction.
3.3.5 Polydisperse Rod Networks: Comparison with Otten and van der Schoot
Model
For completeness, we consider the analytical model of Otten and van der Schoot
for the case of soft core, finite L/D, polydisperse rod networks. In their comprehensive
theoretical study,4,

5

they use tools from both percolation and liquid state theories to

formulate a general analytical expression for the percolation threshold for polydisperse
cylindrical fillers in the slender-rod limit (L/D  ∞). For ideal (soft-core) rods, their
slender-rod limit solution for the φc of rods with arbitrary distributions in L and D is:

φ c , Otten =

D2
L w  D


n

+

n

D

2
n

(8)
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We perform a series of calibrations on this solution to adapt it to polydisperse networks
of finite-L/D rods. First, we calibrate their monodisperse result in the slender-rod limit,

φc = D/2L, against the corresponding excluded volume result [Eq. (3)] which has been
proven to be exact in this regime.10,

11

We then apply the (1+s) factor from our

simulations for finite-sized monodisperse cylinders [Eq. (6)]. Finally, we generalize the
calibration factor from the finite-L/D monodisperse case to polydisperse rod networks by
taking the respective number averages, yielding a calibrated version of Otten and van der
Schoot solution for isotropic, finite-L/D rod networks with arbitrary distributions in L and
D:

φc , Otten calib = c ×

D2
L w  D n +


n

D 
n 
2

, c=

(1 + s )
poly

2

π D
4 L2

n
n

+

(9)

(3 + π )

D

2

L

n

+1

n

Equation (9) shows the same weight average dependence on L as our generalized
excluded volume theory [Eq. (7)], but their dependencies on D differ slightly. In Fig.
3.4(b), we compare φc results from our simulations, as-published Otten and van der
Schoot model [Eq. (8)], and calibrated Otten and van der Schoot model [Eq. (9)] for rod
networks with bidispersity in length. Their as-published solution [Eq. (8)] significantly
underestimates φc of the bidisperse network relative to our simulations of finite-L/D
cylindrical rods, and the extent of this underestimation is more pronounced at lower FLong
when the mean-L/D of the rod ensemble is smaller. In contrast, there is very good
agreement between our simulations and our calibration of the Otten and van der Schoot
model [Eq. (9)]. Note that fits to the simulation data are comparable for our generalized
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excluded volume expression [Eq. (7)] and the calibrated Otten and van der Schoot model
[Eq. (9)].
3.4

Conclusions
In conclusion, we have simulated three-dimensional isotropic networks of finite,

soft-core, conductive cylinders with Gaussian and bidisperse distributions in their length
and diameter. We have also generalized the popular excluded volume model of
percolation, which was originally formulated for soft-core, infinite-L/D, monodisperse
rod networks, to account for finite-L/D and polydisperse rod sizes. Finally, we adapted
Otten and van der Schoot’s analytical model for polydisperse rods in the slender-rod
limit,4,

5

successfully extending its applicability to polydisperse networks of soft-core

rods with modest L/D. For arbitrary distributions in L and D of cylindrical rods, we
obtain a weight average dependence of φc on the filler dimensions, an intuitive result
since higher L/D rods are more critical in network expansion. Following from the good
agreement between our monodisperse simulation predictions and experimental thresholds
from silver nanowire-polystyrene composites2 (Fig. 3.2), coupled with the demonstrated
inaccuracy of popular slender-rod limit analytical models for fillers with L/D as high as
500,9 our simulation results and generalized excluded volume model for polydisperse
rods of finite L/D [Eq. (7)] provide experimentalists with a robust and convenient toolkit
for designing and evaluating composites with finite-sized cylindrical nanofillers. In future
work, we plan to extend our simulation method and generalized excluded volume model
to address oriented networks of polydisperse rods.
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3.6

Figures

Figure 3.1. ln (s) vs. ln (L/R) fit gives an empirical expression for s as a function of L/R,
Eq. (6).
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Figure 3.2. φc of monodisperse, isotropic, soft-core, cylindrical rod networks as a
function of aspect ratio. Results from simulations (black circles and red diamonds),
experimental silver-nanowire/polystyrene nanocomposites2 (green squares), excluded
volume theory in the slender rod limit, Eq. 3 (solid line), and our finite-L/D excluded
volume solution [Eq. (5) and (6)] (dotted line).
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Figure 3.3. Simulation data (points) with corresponding generalized excluded volume
predictions [Eq. (7), lines] for φc in networks where rods have a Gaussian distribution in
length (green squares), diameter (black triangles), or both (red circles). The width of the
respective distributions is given by the standard deviation, σL or σD, which is expressed
as a percentage of Lmode (0.04 units) or Dmode (0.00057143 units), and Lmode / Dmode = 70.
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(a)

(b)

Figure 3.4. (a) Simulation (points) and generalized excluded model predictions [Eq. (7),
lines) for φc of bidisperse rod networks versus the relative volume fraction of longer rods
in the system (FLong) for rod length ratios rL = 2, 4 and 8, where LRef = 0.04 units and D =
0.004 units (constant). (b) Simulation (points) and corresponding φc predictions from
Otten and van der Schoot’s analytical model as published Eq. (8) (dashed lines) and
calibrated Eq. (9) (solid lines) φc predictions a function of FLong for rL = 2, 4 and 8.
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CHAPTER 4: INTEGRATING SIMULATIONS AND EXPERIMENTS TO
PREDICT SHEET RESISTANCE IN NANOWIRE FILMS FOR TRANSPARENT
CONDUCTORS
4.1

Introduction

4.1.1

Overview of Chapter
Metal nanowire films are among the most promising alternatives for next-

generation flexible, solution-processed transparent conductors. Breakthroughs in
nanowire synthesis and processing have reported low sheet resistance (Rs ≤ 100 Ω/sq)
and high optical transparency (%T > 90%). Comparing the merits of the various
nanowires and fabrication methods is inexact, because Rs and %T depend on a variety of
independent parameters including nanowire length, nanowire diameter, areal density of
the nanowires and contact resistance between nanowires. In an effort to account for these
fundamental parameters of nanowire thin films, this chapter integrates simulations and
experimental results to build a quantitatively predictive model. First, by fitting the results
from simulations of quasi-2D rod networks to experimental data from well-defined
nanowire films, we obtain an effective average contact resistance, which is indicative of
the nanowire chemistry and processing methods. Second, this effective contact resistance
is used to simulate how the sheet resistance depends on the aspect ratio (L/D) and areal
density of monodisperse rods, as well as the effect of mixtures of short and long
nanowires on the sheet resistance. Third, by combining our simulations of sheet
resistance and an empirical diameter-dependent expression for the optical transmittance,
we produced a fully calculated plot of optical transmittance versus sheet resistance. Our
predictions for silver nanowires are validated by experimental results for silver nanowire
films, where nanowires of L/D > 400 are required for high performance transparent
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conductors. In contrast to a widely-used approach that employs a single percolative figure
of merit, our method integrates simulation and experimental results to enable researchers
to independently explore the importance of contact resistance between nanowires, as well
as nanowire area fraction and arbitrary distributions in nanowire sizes. To become
competitive, metal nanowire systems require a predictive tool to accelerate their design
and adoption for specific applications.
4.1.2

Background
Transparent conductors (TCs) enable today’s ubiquitous flat panel displays and

touch screen technologies, as well as numerous emerging applications such as electrodes
in thin-film solar cells, organic light emitting diodes (OLEDs), e-paper, sensors,
electrostatic shielding and antistatic coatings.1 Across all application areas, two critical
performance criteria for TCs are the optical transmittance (%T) and sheet resistance (Rs).
Very high optical transmittance in the visible region ≥
( 90%) is a typical requirement for
most applications, whereas Rs can vary across a broad range depending on the specific
application. For example, TCs for electrodes in solar cells and OLEDs require very low
Rs (< 10 Ω/sq), whereas Rs values of ~100 Ω/sq are acceptable for many touch screen
applications, and static dissipation and electromagnetic shielding requirements are
typically > 103 Ω/sq.1-3 Indium tin oxide (ITO) has dominated the field of transparent
conductors due to its high performance,2,

4

although the brittleness of ITO renders it

unsuitable for next generation flexible display applications. The search is underway for
new material alternatives for high performance TC applications that exhibit very high
optoelectronic performance (%T > 90% and Rs ≤ 100 Ω/sq), as well as meet important
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criteria such as affordability, flexibility and compatibility with low-temperature and large
area solution processing.3
Currently, the most important material systems being explored as new TCs are
conducting polymers5, 6 and networks of highly conductive nanoscale materials such as
carbon nanotubes,7-11 graphene flakes,12,

13

and metal nanowires.14-24 Conducting

polymers such as poly(3,4-ethylenedioxythiophene) poly(styrenesulfonate) underperform
relative to ITO for applications requiring low sheet resistances and also suffer from
stability issues.1, 6 Random networks of carbon nanotubes are widely studied but typically
exhibit lower performance than ITO due to large contact resistances between nanotubes,
as well as high levels of impurities and dispersity.1 Graphene-based TCs are evolving
quickly, but have yet to meet the necessary performance criteria when processed from
solution due to numerous grain boundaries and defects.1, 12 Random networks of metal
nanowires are widely considered to be the most promising candidates with performances
on par with ITO and competing amorphous oxides.3,

25

Metal nanowire films are

compatible with low-temperature solution processing and large-area deposition, which
can reduce cost and make them ideal for emerging flexible TC applications. Silver
nanowire thin-films have displayed the best performance14-18,

24

and have entered the

market as the first commercially available wet-processed TCs for touch screen
applications.26, 27
To date, very few studies in the literature attempt to systematically correlate the
nanowire properties and the structure of nanowire films to their final properties. The most
systematic experimental study so far was conducted by Bergin et al.,15 who combined
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experiments and optical simulations to study the properties of silver nanowire films as a
function of the nanowire length, diameter and area coverage. Experimentally, they
observed a strong dependence on Rs on both the length and areal density of nanowires,
results that are consistent with theoretical predictions for 2D widthless-sticks systems.2830

In addition, the %T of the networks was inversely proportional to the area coverage of

the nanowires. Sorel et al.31 studied the effect of silver nanowire length and diameter on
the optoelectronic properties, observing a strong effect of nanowire length on network
conductivity but not on transmittance. Coleman and coworkers3,

32

related %T and Rs

nanowire films to the approximate film thickness by extrapolating from bulk to
percolative behavior, but this semi-empirical approach fails to explicitly account for
nanowire dimensions and network structure which strongly govern the performance,
particularly in sparse networks. A detailed analysis of their model will be provided later
in this paper.
While there is broad consensus in the field that metal nanowires are among the
most promising nanoscale material for transparent conductors,1, 3, 25 exploiting their full
potential and enabling their rapid adoption requires robust predictive models. The
optoelectronic properties of metal nanowire mats depend on a myriad of characteristics
including nanowire structure (length, diameter, size dispersity, composition, etc.) and the
overall network morphology (areal density, dispersion, orientation, etc.). Predictive and
quantitative models of the optoelectronic properties of metal nanowire promise to provide
guidance for nanowire synthesis and network fabrication and thereby facilitate reliable
and rapid design of engineered networks with optimized properties for specific
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applications. To date several simulations studies have modeled the electrical properties of
2D networks of rodlike nanoscale fillers.28,

33-37

These studies are mainly targeted at

carbon nanotube films and their primary focus is the critical percolation phenomena,
although Behnam and Ural33

and Kocabas et al.34 related their simulations to

experiments to elucidate geometry scaling behavior in CNT-based thin-film transistors.
The only attempt to explicitly simulate the network sheet resistance to date was
conducted by Lee et al.,14 who used a highly idealized periodic network structure that is
inconsistent with the morphology of random nanowire networks.
In this chapter, we present the first simulations of the sheet resistance of thin-film
metal nanowire networks as a function of the nanowire size (length and diameter), size
dispersity and areal density. We tune a single parameter in the simulations, the effective
average contact resistance between two nanowires (Rc_effective), to fit experimental values
of the sheet resistance of nanowire films as a function of areal density. Using this fitting
parameter, our simulations then quantitatively predict sheet resistance as a function of
nanowire size, size dispersity and areal density. Further, by combining our simulations of
sheet resistance and a recently published empirical expression for optical transmittance,
we report the first fully calculated plot of optical transmittance versus sheet resistance,
the two parameters that define performance in the field of transparent conductors. For the
silver nanowires investigated here, we find Rc_effective = 2 kΩ and L/D > 100 is required for
low sheet resistances (Rs ≤ 100 Ω/sq) at modest nanowire densities. Moreover, we
observe that higher-L/D rods (L/D > 400) and intermediate areal densities are required to
simultaneously optimize the optical transmittance and the sheet resistance to Rs ≤ 100
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Ω/sq at %T > 90%. These predictions are consistent with reported experimental results
for high-performance silver nanowire films, demonstrating the ability of our simulations
to capture important experimental trends. Our integrated simulation and experimental
methodology extracts Rc_effective, thereby enabling comparisons between nanowires of
different compositions or networks fabricated by distinct means in a manner that is
deconvoluted from the dimensions of the nanowires and the areal densities of the
networks. This direction-setting contribution creates a comprehensive framework for
understanding structure-property relationships in metal nanowire networks, thereby
guiding future experimental work and accelerating the development of these promising
systems.
4.2

Methods

4.2.1

Simulation Methods
To simulate the sheet resistance of quasi-2D nanowire networks, we employ a

two-step approach. First, random assemblies of rods are generated using a Monte Carlo
process and a clustering analysis performed to identify percolated or spanning rod
clusters. Second, the current across the sample is calculated using a random resistor
network approach38 to discretize the rod network and Kirchoff’s current law equations
are solved at each node. We have previously used this simulation approach in threedimensional networks to explore the effects of rod orientation, aspect ratio, and sizedispersity on the electrical conductivity of polymer nanocomposites containing
cylindrical nanofillers such as carbon nanotubes and metal nanowires.39-41 In those
studies, only the critical concentrations at the electrical percolation threshold were
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compared quantitatively to experimental results. In the current work, we adapt our 3D
simulation approach to model the sheet resistance of quasi-2D nanowire films by
confining the rods to a thin film.
A random configuration of straight, soft-core (i.e. interpenetrable), cylindrical
rods is generated in a supercell of dimensions 1 unit x 1 unit x h. Confinement is
achieved by defining the height of the supercell h = Drod, where Drod is the diameter of
the rods. The rods have isotropic orientation about z-axis but are confined in the x-y
plane. For each simulated network, the rods have constant Drod, while the rod lengths
vary depending on the specified aspect ratio (L/D). Simulations were performed for each
condition at a range of rod densities defined by the volume fraction (φ). We compute the
area fraction (AF) of our quasi-2D networks based on the projected area of a rod (Lrod x
Drod), specifically AF = 4φ/π. This definition of AF is most consistent with our
experiments. Simulations involve ~1000 – 420,000 rods depending on the prescribed

φ and L/D. Representative renderings from the quasi-2D simulations are provided in
Appendix B (Fig. B1) and illustrate the large systems sizes used in the simulations.
The supercell is divided into tiling sub-blocks, whose length is greater than the
rod length, and rods that fall into each sub-block are registered. Aided by the sub-block
data structures, the possible neighbors of each rod are determined with computational
complexity that scales linearly with the total number of rods. Then, the shortest distance
between the centers of two neighboring rods is calculated using a close-formed formula
and when this distance is < Drod the rods are in contact. A clustering analysis is then
carried out to identify percolating clusters of contacting rods that span across the
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supercell. The total conductance is the sum of the individual percolating cluster
conductances, and the non-percolating clusters are ignored. For each percolating cluster,
every rod i is assigned a uniform voltage Vi (no internal resistance; Rrod = 0) that is an
unknown variable, except for those rods that touch the left (Vi = 1) or right (Vi = 0) edges
of the supercell. Assuming that all electrical resistance results from contact resistance, Rc,
between contacting rods and writing Kirchoff’s current law at each rod-rod junction, a
system of linear equations is established for each cluster. This system of linear equations
is solved using the pre-conditioned conjugate gradient iterative (KSPCG) method42 as
implemented in the Portable, Extensible Toolkit for Scientific Computation (PETSc)
package, where the incomplete LU factorization preconditioner (PCILU) is used, to
obtain the cluster conductance. This entire procedure is repeated to obtain an ensembleaveraged conductance, achieving a standard deviation of less than 10% of the mean value
in all cases. The resistivity of the rod ensemble is calculated by dividing the voltage drop
(= 1V) by the total current and normalizing by the dimensions of the supercell. For
correspondence between simulation and physical units, we set Drod = Dnw, where Dnw is
the diameter of silver nanowires from experiments, and we divide the simulated
resistivity by the film thickness ( = Drod) to obtain the sheet resistance.
4.2.2

Experimental Methods
Silver nanowires (Ag NWs) were synthesized by our collaborators from the

Department of Chemistry at Duke University using the polyol process as previously
reported.15,

43

The nanowire solution was diluted with deionized water and purified

through centrifugation multiple times to remove excess polyvinylpyrrolidone and other
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unwanted materials before being suspended and stored in water. Three batches of silver
nanowires were synthesized having diameters of 50, 84, and 75 nm, corresponding to
nanowires with L/D = 200, 258, and 275, respectively. Dimensions were measured by
SEM. Known volumes of the suspension were filtered onto membranes and immediately
transferred to polydimethylsiloxane films, producing nanowire films with varying
nanowire area fractions. The sheet resistances of the Ag NW films were then measured
using a four-point probe.
4.3

Results and Discussion

4.3.1

Extracting Rc_effective from Experimental Data
Figure 4.1 shows the sheet resistances as a function of the area fraction from three

sets of experimental data from model silver nanowire (Ag NW) films comprised of
nanowires having diameters of 50, 84, and 75 nm, corresponding to nanowires with L/D
= 200, 258, and 275, respectively. We simulate networks with rods of the same
dimensions and compute the sheet resistance. To fit the simulations to the experimental
results, we adjust the one free variable in the simulation, namely the effective average
contact resistance between two nanowires, Rc_effective. The agreement between the
experiments and simulation is quite good indicating that our simulations quantitatively
capture the influence of nanowire dimensions and area fraction on sheet resistance.
Before proceeding, we enumerate several attributes of our simulations. The rods
interpenetrate; this is a widely-accepted approximation41,

44-48

that we have previously

shown has little impact on the percolation threshold when compared to experiment.40 The
rods are rigid, straight cylinders, which is an appropriate representation for
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experimentally typical nanowires with diameters 40 – 100 nm and lengths < 20 µm. One
contact resistance, Rc, is assigned to all rod-rod junctions in the system irrespective of the
contact area. This assumption has previously been applied to nanotube systems even
though the junction resistances are expected to vary widely due to the presence of both
metallic and semiconducting CNTs,28,

33, 35, 36, 49

and is certainly more appropriate

between metal nanowires. Finally, all the resistance in our networks arises from the
contacts and the rods themselves have no internal resistance (Rrod = 0). This assumption
is credible for our Ag NW films, because the quality of the fit is good, Figure 4.1.
Moreover, the percolation conductivity exponent is 1.75 (Fig. B2 in Appendix B) and this
exponent is consistent with transport dominated by contact resistance (Rc >> Rrod).36, 37 In
a complementary study of critical behavior in these quasi-2D systems, a percolation
conductivity exponent of two is observed at higher rod densities.50 Naturally, the
specifics of nanowire synthesis and nanowire film fabrication and processing can alter the
extent to which the Rc >> Rnw assumption is legitimate, but the quality of the fits in
Figure 4.1 and conductivity exponent in Figure B2 indicate that the contact resistance
dominates here.
We obtain the best fit to experimental results when Rc_effective is between 1.5 and
2.5 kΩ (Fig. 4.1). Importantly, the same Rc_effective range fits all three experimental data
sets for Ag NWs with Dnw = 50 nm – 84 nm, which is consistent with the expectation that
Rc_effective has only minimal sensitivity to diameter across a narrow range. For comparison,
contact resistance values reported in the literature from electrical measurements of
crossed Ag NW junctions with average diameter Dnw ≈ 40 nm – 80 nm are ~ 8 kΩ for
62

plasmonically welded silver junctions51 and ~ 0.5 kΩ for Ag NWs coated with gold via
electrochemical annealing.18 These experimental values correspond to isolated junctions.
In contrast, the Rc_effective is extracted from our simulations comprising 103 to 106 rods via
fits to experimental nanowire films containing a diverse collection of nanowire junctions.
The extracted value of Rc_effective, as the only adjustable parameter in our simulations,
encompasses both the various simplifying assumptions in the simulation and the nonidealities in the experimental system (size dispersity, etc.) in addition to approximating
Rc.
The Rc_effective is a valuable and previously inaccessible parameter. Firstly, using
Rc_effective, we can reliably obtain quantitative predictions of Ag NW films prepared by
comparable methods as a function of areal density, nanowire size (length and diameter),
size dispersity, and nanowire orientation; this is demonstrated in part below. Secondly, by
finding Rc_effective for distinct nanowires and fabrication methods one could reliably assess
new metal nanowire materials and processing methods independent of L/D and area
fraction variations. This integrated simulation and experimental approach could
profoundly increase the speed at which new transparent conductors are developed for
specific applications.
4.3.2

Quantitative Predictions of Rs
Now we apply Rc_effective = 2 kΩ in our simulations to predict the dependence of

the sheet resistance (Rs) on the nanowire aspect ratio (L/D) and area fraction (AF) in
silver nanowire films (Fig. 4.2). We simulate nanowire networks over a broad aspect ratio
range L/D = 25 – 800, where all the rods have Drod = 50 nm and the lengths vary (Lrod =
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1.25 – 40 µm). For each L/D the Rs follows 3 stages that are typical of percolative
behavior: (1) high resistance network at low nanowire densities (AF = 0.01 when L/D =
800), (2) rapid decrease in Rs in the critical region in the vicinity of the percolation
threshold (AFc), and (3) weakening AF dependence at high nanowire densities when the
network is well established.
The results presented in Fig. 4.2 are the first theoretical predictions of the Rsdependence on nanowire L/D and areal density. We observe a very strong aspect-ratio
dependence of the sheet resistance. For example, above the percolation threshold the Rs at
a given area fraction drops by approximately a factor of four when the aspect ratio
doubles. Moreover, increasing L/D continues to be valuable even to very high L/D = 800.
For many applications the maximum allowed sheet resistance is 100 Ω/sq, and these
results find that L/D > 100 is required to meet this criterion at moderate area fractions
(AF < 0.4, Drod = 50 nm). These predictions are most reliable, of course, for silver
nanowire films prepared using comparable methods and comprising Ag NWs with Dnw ≈
40 – 100 nm and lengths < 20 µm, because these are consistent with our determination of
Rc_effective (Fig. 4.1). Nevertheless, the findings in Figure 4.2 provide valuable insights.
Specifically, our findings motivate the aggressive pursuit of improved synthetic methods
to produce ultra-high-aspect-ratio nanowires to optimize the sheet resistance of nanowirebased TCs.
The strong aspect-ratio dependence of Rs in Fig. 4.2 is qualitatively consistent
with percolation studies of high aspect ratio rods and quantitatively consistent with
experiments of metal nanowires. In theories of widthless 2D sticks, the critical number
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density of sticks (Nc) required to form percolated network is inversely proportional to
Lstick2 (Nc ∝ 1/Lstick2).52 Thus, longer sticks yield better-connected networks, resulting in
higher conductivities at lower number density of sticks, which is consistent with our
findings in Figure 4.2. The finding that L/D > 100 is required for Rs ≤ 100 Ω/sq at modest
nanowire densities is consistent with recent experimental results from Bergin et al.,15 who
observe unacceptable performance for silver nanowire films with L/D = 37 and 73, and
good performance for silver nanowire films with L/D = 182 and 375. In contrast, other
researchers14,

16

have reported similarly low Rs values for silver nanowires with

surprisingly modest L/D ≈ 80, but here the distributions in L are asymmetrical and
heavily skewed towards longer lengths. A few higher-L/D nanowires can appreciably
increase the network conductivity relative to monodisperse or symmetric size
distributions with the same number-averaged mean length. The effect of skewing the size
distribution of nanowires towards longer lengths will be discussed later in this
manuscript.
Another interesting observation from Fig. 4.2 is that the strong effect of L/D in
determining the Rs persists even for very dense networks (See Fig. B3 in Appendix B for
simulated Rs up to 70% area coverage), indicating that nanowire dimensions and the
resulting network structure are important even for dense networks. Similarly, De et al.16
observed that conductivity of dense silver nanowire networks transitions from percolative
to bulk-like behavior with increasing thickness, saturating at a constant conductivity
value ~8% of the bulk conductivity of silver for very thick films. However, as their study
was limited to nanowires with L/D ≈ 80, they do not report on the effect of the nanowire
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dimensions on this saturation conductivity value. Our results show that the minimum
sheet resistance achievable for a dense nanowire network is strongly dependent on L/D.
For example, a network comprising the lowest-L/D rods (L/D = 25) at high area fraction
(AF > 0.4) has an Rs value that is three orders of magnitude higher than a network
comprising the highest-L/D rods (L/D = 800). This behavior is expected in our contactresistance dominated system (Rc >> Rnw) as there is a very high penalty for additional
contacts28 and the number of contacts per rod is proportional to the number of rods.36, 37
Thus, at a fixed area fraction networks of high-L/D rods outperform those of low-L/D
rods as the former can form networks more efficiently with fewer rods and hence fewer
rod-rod contacts.
4.3.3

Effect of Nanowire Size Dispersity on Rs
Figure 4.2 demonstrates that very high-L/D nanowires are the most promising

candidates for high-performance applications when nanowires are identical in size. A
significant advantage of having a verified simulation method that predicts Rs as a function
of nanowire size and network structure is the ability to explore nanowire systems with
arbitrary size variations in Lrod and Drod. In our recent simulations of 3D rod networks we
explored Gaussian distributions in nanowire size (L, D, or both) and bi-disperse mixtures
of rods (fixed D and two lengths).41 To demonstrate this capability in our quasi-2D
model, we simulate a rod network using a bi-disperse distribution of rod lengths. We
define reference rods with L/D = 50 (LRef = 2.5 µm and DRef = 50 nm) and longer highL/D rods with L/D = 400 (LLong = 20 µm and DLong = DRef) where the rod-length ratio is rL
= LLong/LRef = 8. The proportion of longer rods in the network is expressed as a relative
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area fraction, FLong = AFLong / (AFRef + AFLong), and is varied between FLong = 0
(monodispesre; L/D = 50) and 1 (monodisperse; L/D = 400). As above, we use Rc_effective =
2 kΩ for all rod junctions in the network and the Rnw = 0.
We plot the sheet resistance of these bidisperse rod networks as a function of the
total area fraction for FLong = 0, 0.2, 0.5, 0.8 and 1 (Fig. 4.3). We observe a dramatic
reduction in Rs by almost an order of magnitude when only 10% of rods have L/D = 400
nanowires. Subsequent increase in the fraction of high-L/D rods results in continued
reduction of the film’s Rs over two orders of magnitude. This promising result shows that
bidisperse networks containing small fractions of high-L/D rods can be successful in
forming films that meet desired performance criteria. Conversely, this data also shows
that the presence of small amounts of low-L/D nanowires in a network of high-L/D
nanowires (FLong = 0.8) has a smaller impact on Rs.

This finding is particularly

encouraging as new synthetic methods for ultra-long nanowires have very high levels of
size dispersity.53,
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Beyond the bi-disperse example in Fig. 4.3, our simulations can

construct networks from rods with arbitrary distributions of rod length and diameter,
including experimental size distributions obtained from detailed characterization of
nanowires. Also building on our work in 3D rod networks,39 our simulations can readily
incorporate non-isotropic orientation distributions that might result from shear or
extensional flow during processing.
4.3.4

Constructing %T vs. Rs Plot
Transparent conductors for high performance applications must display both a

low sheet resistance (Rs ≤ 100 Ω/sq) and high optical transparency (%T > 90%).
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Optimizing these two properties simultaneously is challenging as better transmittance
requires reducing the area fraction of nanowires, while decreasing area fraction increases
the sheet resistance. This highlights the great value of a computational framework for
predicting how nanowire properties and network structure affect both of these parameters
to guide future experimental work. Bergin et al.15 recently studied the optical properties
of silver nanowire films via experiments and FDTD simulations, reporting a linear
relationship between network transmittance and area coverage of nanowires for a given
Dnw. Moreover, the optical properties were determined to be independent of the nanowire
length, in agreement with another recent study by Sorel et al.31 Specifically, Bergin et al.
found the following empirical relationship between the area fraction (AF) and the optical
transmittance at λ = 550 nm:

% T = 100 − (a1 AF ),

(1)

where a1 is a fitting parameter that accounts for the diameter and wavelength-dependent
optical properties of the nanowires. For nanowires with Dnw ≈ 40 nm, they found that a1 =
87. By combining this empirical expression and simulated Rs values using Rc_effective = 2
kΩ, Fig. 4.4 predicts both the %T and Rs dependence on the nanowire length (at fixed Dnw
= 40 nm) and area fraction.
Figure 4.4 is the first fully calculated plot of %T vs. Rs in thin-film nanowire
networks. Note that on a given curve (fixed L/D) each point represents a specific area
fraction. While larger L/D is always advantageous for increasing %T at a fixed Rs,
intermediate area fractions are needed to produce Ag NW films that achieve both %T >
90% and Rs ≤ 100 Ω/sq. For example for L/D = 800, the high Rs results correspond to low
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areal density with high %T, while the lower Rs results correspond to higher areal density
with low %T. At intermediate areal densities, both Rs and %T are in the high performance
range of Rs ≤ 100 Ω/sq and %T > 90%. For the Ag NWs of this study, Fig. 4.4 shows that
Ag NWs with high L/D > 400 are the most viable candidates for high performance
transparent conductors. For L/D > 400, Rs and %T are both optimized over a very narrow
range of intermediate area fractions AF ~ 0.05 – 0.1, demonstrating the strong sensitivity
of the network performance on the nanowire area coverage. Thus, it is imperative that
experimentalists characterize and report nanowire area fractions or areal densities, as well
as nanowire dimensions and their distributions, alongside Rs and %T results to facilitate
comparison between research groups and accelerate progress in the field.
The results in Fig. 4.4 are consistent with various experimental results in the
literature. Bergin et al.15 reported their best performance just shy of the desired Rs ≤ 100
Ω/sq at 90% optical transmittance for networks of silver nanowires with L/D = 375.
Similarly, Cambrios Technology Corp., whose proprietary ClearOhmTM transparent
conductor material has recently been integrated into several commercially available touch
screen devices, reports high performance films of silver nanowires with high L/D ≈ 550
observing Rs as low as 30 Ω/sq at 90% transmittance.27 Finally, Lee et al.24 also report
very high-performance silver nanowire films achieving Rs < 20 Ω/sq at 90%
transmittance for very long silver nanowires with L/D
≈ 600. For nanowire films with
Dnw < 100 nm, the results in Figure 4.4 show the dual importance of area fraction and L/D
in determining TC performance.
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4.3.5

Comparison to the Percolative Figure of Merit
The optoelectrical properties of traditional transparent conductors are described

by combining the physical expressions for transmittance and sheet resistance of bulk-like
films:7, 32
𝑇 = �1 +

𝑍0 𝜎𝑜𝑝

2𝑅𝑠 𝜎𝑑𝑐,𝐵

�
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where Z0 is the impedance of free space (377 Ω), σop is the optical conductivity, and σdc,B
is the bulk dc conductivity of the film. The term σop/σdc,B is known as the conductivity
ratio and is often used as a figure of merit (FOM) to compare various material systems
for TCs, whereby higher values of σop/σdc,B correspond to better T vs. Rs performance.
Recently, Coleman and coworkers3, 32 observed a deviation from the expected bulk-like
behavior (Eq. 2) in nanowire and nanotube films below a critical film thickness, tmin.
They attribute this discrepancy to percolation effects in very thin films of nanoparticles,
and modify Eq. 2 by incorporating terms that approximate the power-law dependence of
the conductivity on thickness in the percolative regime:32
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where Π is their percolative FOM and tmin ≈ 2.33D is the film thickness below which the
dc conductivity becomes thickness dependent (D is the diameter of the nanoparticle). The
bulk-like and percolative FOMs are extracted by fitting experimental data to Eqs. 2 and 3,
respectively. On a log-log plot of T-1/2 – 1 vs. Rs, a slope of -1 is consistent with bulk-like
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behavior, while percolative behavior exhibits a less negative slope. Based on their
percolative model in Eq. 3, they conclude that the main requirements for a good TC are
high values of Π and low values of tmin, which in turn corresponds to minimizing the
nanoparticle diameter since tmin ≈ 2.33D. Further, application of their percolative model
to T vs. Rs data for a wide range of metal- and carbon-based films reported in the
literature showed that metal nanowire systems generally outperform carbon-based
materials yielding higher Π values. While these findings are insightful, their semiempirical approach fails to account directly for nanoparticle dimensions (L and D) and
network structure (area fraction), both of which strongly govern the performance in thin
nanowire films as shown above. In addition, the single structural parameter cited in their
model, namely the effective film thickness, is ambiguous for nanowire films.16, 31
To test the efficacy of their percolative model in capturing T vs. Rs behavior in
films of nanostructured materials, we fit Eq. 3 to our simulated Rs and calculated %T data
(from Figure 4.4) for representative L/D across a large AF range in Fig. 4.5. Figure 4.5
also includes experimental data for Ag NW films from Fig. 4.1, which agrees very well
with corresponding simulation and calculated data. The published empirical %T vs. AF
expression in Eq. 1 applies for Ag NWs with Dnw = 40 nm, so we fit experimental data to
extract a new value of the fitting parameter a1 = 82 corresponding to Dnw = 75 nm to use
for the L/D = 275 data in Figure 4.5 (Figure B4 in Appendix B). Table 1 summarizes the
network structure parameters, as well as the percolative FOM (Π) and n values extracted
from eq 3 fits to our data. Note that Eq. 3 could not be used to fit the entire range of AF,
so two sets of fitting parameters are provided.
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Several important observations arise from inspection of Fig. 4.5 and Table 1.
First, our simulations and experiments are inconsistent with predicted “bulk-like”
behavior (eq 2) for dense networks at high areal coverage. In Fig. 4.5b, a slope of -1 is
indicative of bulk-like behavior, while we observe slopes ranging between -0.3 and -0.8
in all cases. Thus, dense nanowire films do not behave like homogenous films as
percolation effects continue to dominate at areal densities as high as 70%. This is
consistent with our finding in Fig. 4.2 wherein L/D is critical in determining the Rs across
the entire AF range, highlighting the importance of network structure even for dense
networks. Additionally, Eq. 3 fails to capture our data over the entire AF range of interest.
The percolative model fits the data only over narrow area fraction ranges such that
multiple values for Π and n result for one type of nanowire film. Specifically, separate
fits are required for nanowire networks with low to intermediate (AF < 0.4) and high (AF
> 0.4) nanowire areal densities. In addition, very dilute networks with the highest
transmittance and sheet resistance values (AF < 0.04 and 0.02 for L/D = 275 and 800,
respectively) deviate from the dashed line fits in Fig. 4.5, indicating that yet another set
of percolative fitting parameters are required in this regime. Further, the resulting Π vary
over an order of magnitude depending on L, D and AF for the same material system (Ag
NW films), Table 1. Thus, this FOM is inadequate for evaluating and optimizing
performance of TCs based on films of nanostructured materials.
The percolative FOM proposed by De et al. is an aggregate parameter that has the
advantage of being simple to extract from experimental data, but is incomplete and
misleading due to a failure to explicitly account for network morphology and topology.
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Our approach, which combines simulations of sheet resistance and calculation of the
optical transmittance based on the empirical relationship between %T and AF, is more
complete by encompassing the various attributes that can be independently controlled to
optimize the TC performance. For isotropic nanowire films, we show that the main
parameters that determine %T vs. Rs behavior are L, D, AF, and the average effective
contact resistance between the conductive fillers, see Fig. 4.1, 4.2, and 4.4. Each of these
four attributes can be controlled independently to optimize performance. Our approach is
more complex as it requires an expression for the optical transmittance as a function of
nanowire areal coverage, as well as simulations to extract Rc_effective. For Ag NW films
processed comparably to those presented in Figure 4.1 and with Lnw < 20 µm and Dnw ≈
40 – 100 nm, Fig. 4.2 and 4.4 give complete guidance on the optimal L/D and AF ranges
that produce films with desired performance for specific applications. Our approach can
be readily extended to evaluate and predict properties for new nanowire materials or new
nanowire processing methods designed to reduce Rc_effective. Further, our approach can
explore the impact of changing L, D, and AF independently to optimize properties.
4.4

Conclusions
For metal nanowire thin films to compete as transparent conductors, predictive

models of their optoelectronic properties are needed. This chapter establishes a method
that combines experimental sheet resistances, simulations that compute the sheet
resistance, and empirical expressions for optical transparency to provide the first fully
calculated plots of %T versus Rs. Our method can be broadly applied to nanoparticle
systems to predict the impact of nanowire structure (length, diameter, size dispersity, etc.)
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and network morphology (areal density, dispersion, orientation, etc.) on network
properties. Our many parameter approach promises to be more insightful and more
rigorous than the widely used bulk-like and percolative figures of merit that combine the
effects of L, D, AF, and Rc_effective in a way that makes it difficult understand or optimize
performance.
The method was developed and demonstrated here for silver nanowire networks,
we extract an average effective contact resistance of Rc_effective = 2kΩ and clearly show
that increasing the average L/D or adding a small fraction of high-L/D nanowires is
paramount for reducing Rs at any area fraction. Specifically, silver nanowires of Dnw = 40
nm require L/D > 400 to optimize both the sheet resistance (Rs ≤ 100 Ω/sq) and optical
transmittance (%T >90%) for high performance applications. The clear advantages of
increasing L/D should motivate new synthetic methods, while the sensitivity of Rs to areal
density and dispersity in L requires rigorous characterization of nanowires and nanowire
films to produce consistent properties.
Decreasing the contact resistance between nanowires or nanotubes is also a
valuable approach for improving nanoparticle film performance. By providing a means to
extract the average effective contact resistance from experimental results, our integrated
approach enables the rigorous comparison various strategies for decreasing contact
resistance including removing organic dispersion agents, thermal treatments to increase
contact area, and alloying nanowires to avoid surface oxides.11,

14, 18, 22, 51

When the

dimensions of the nanoparticles and the areal density of the films are known, our
methodology can be applied to extract Rc_effective from Rs data. Moreover, the Rc_effective
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extracted from Rs measurements can be made directly on the as-processed films, rather
than a specially-fabricated crossed-nanowire sample.
Our simulations have quantified the interplay between the most critical
parameters that govern performance in nanowire films, as well as set an important
precedent in achieving quantitative correspondence between experiments and simulations
in nanowire films. The next-generation simulations will incorporate the resistance of the
nanowires, which is expected to be increasingly important with higher aspect ratio
nanowires. In addition, we can simulate nanowire systems with non-isotropic nanowire
orientations to mimic anistropic morphologies that might result from a continuous,
solvent-based fabrication method of nanowire films.
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4.6

Tables

Table 4.1. Values of the percolative FOM (Π) and n obtained from Eq. 3 fits to calculated
transmittance vs. simulated sheet resistance data in Fig. 4.5.
De et al. Percolative Model32

Our Method

AF Range for
Fit

n

Perc. FOM
(Π)

0.13 –
0.66

0.13 – 0.36

2.01

5.39

0.36 – 0.66

0.46

5.03

2 kΩ

0.025 –
0.66

0.04 – 0.41

1.08

30.28

0.41 – 0.66

0.32

78.27

2 kΩ

0.008 –
0.66

0.02 – 0.46

0.89

101.19

0.46 – 0.66

0.21

573.67

L/D

L
(µm)

D
(nm)

Rc_effective

AF

50

2

40

2 kΩ

275

800

20.6

32

75

40
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4.7

Figures

Figure 4.1. Schematic illustrates a percolated network of monodisperse rods in which the
resistance at nanowire-nanowire junctions (red dots) dominates (Rc >> Rrod).
Experimental sheet resistance (Rs) for silver nanowire thin films (points) as a function of
the area fraction (AF) for three L/D values as indicated. Sheet resistance from quasi-2D
simulations of rods with specified L and D use an effective contact resistance (Rc_effective)
to fit the simulations to the experimental data and best fits correspond to Rc_effective = 1.5
kΩ (dashed lines) and 2.5 kΩ (solid lines).
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Figure 4.2. Schematics illustrate two percolated networks of monodisperse rods with
nanowire area fractions near or far above the critical area fraction for percolation (AFc).
Sheet resistance from simulations as a function of L/D and area fraction of the rods in
nanowire films using an effective average contact resistance Rc_effective = 2 kΩ and
constant Drod = 50 nm. The dashed line indicates the desired performance criterion Rs ≤
100 Ω/sq for high performance applications.
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Figure 4.3. Simulated sheet resistance as a function of area fraction using Rc_effective = 2
kΩ for nanowire films comprised of bidisperse mixtures of rods with L/D = 50
(Reference) and 400 (Long). The diameter is the same for both nanowire populations
(DRef = DLong = 50 nm), while the low- and high-aspect-ratio nanowires have lengths of
2.5 and 20 µm, respectively. Schematics illustrate networks with an increasing proportion
of longer rods in the network as given by the relative area fraction of long rods, FLong =
AFLong / (AFRef + AFLong).
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Figure 4.4. Calculated transmittance vs. simulated sheet resistance for silver nanowire
films for L/D ranging between 50 and 800 with Rc_effective = 2 kΩ and constant Dnw = 40
nm. Optical transmittance values were calculated using the published empirical
expression in Eq. 1. Dashed lines indicate desired performance criteria %T > 90% and Rs
≤ 100 Ω/sq for high performance applications.
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Figure 4.5. (a) Calculated transmittance vs. simulated sheet resistance (circles) for silver
nanowire films with L/D = 50 (Dnw = 40 nm), 275 (Dnw = 75 nm), and 800 (Dnw = 40 nm).
Rc_effective = 2 kΩ for simulated sheet resistance data and optical transmittance values are
calculated using Eq. 1 with a1 = 87 and 82 for Dnw = 40 nm and 75 nm, respectively.
Lines represent fits to the data using De et al.’s percolative model (Eq. 3) for networks
with low to intermediate (AF < 0.4, dashed lines) and high (AF > 0.4, solid lines)
nanowire areal density. Also shown are experimental results (triangles and squares)
replotted from Fig. 4.1 for Ag NW films with L/D = 258 (Dnw = 84 nm) and 275 (Dnw =
75 nm), respectively. (b) Data from (a) are replotted as T-1/2 – 1 vs. Rs to fit Eq. 3 and
find the percolative FOM (Π) and n. For comparison, the bulk-like behavior of Eq. 2 is
represented by a slope of -1, while the data exhibit less negative slopes.
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CHAPTER 5: ELECTRICAL PERCOLATION IN QUASI-2D METAL
NANOWIRE NETWORKS FOR TRANSPARENT CONDUCTORS
5.1

Introduction

5.1.1

Overview of Chapter
We simulate the conductivity of quasi-2D mono- and poly-disperse rod networks

having rods of various aspect ratios (L/D = 25 - 800) and rod densities up to 100 times
the critical density, and assuming contact resistance dominated transport. We report the
rod-size-dependence of the percolation threshold and the density dependence of the
conductivity exponent over the entire L/D range studied. Our findings clarify the range of
applicability for the popular widthless sticks description for physical networks of rodlilke objects with modest aspect ratios, and confirm predictions for the high-density
dependence of the conductivity exponent obtained from modest-density systems. We
also propose a heuristic extension to the finite-width excluded area percolation model to
account for arbitrary distributions in rod length, and validate this solution with numerical
results from our simulations. These results are relevant to nanowire films that are among
the most promising candidates for high performance flexible transparent electrodes.
5.1.2

Background
Thin films of high aspect ratio conductive particles such as carbon nanotubes,

metal nanowires, and graphene flakes are of increasing interest for high performance,
solution processed, flexible transparent conductors.1-3 Random networks of metal
nanowires are the highest performing materials among these emergent transparent
conductor technologies, demonstrating optoelectronic properties on par with the
ubiquitous indium tin oxide, as well as compatibility with low-temperature solution
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processing and large-area deposition.2, 3 Computational and analytical studies of electrical
percolation in two-dimensional random rod networks are of increasing interest in this
field as they provide an important framework for understanding and predicting the
dependence of electrical properties of nanotube and nanowire films on the nanoparticle
sizes and network structure.
Percolation theory predicts that the electrical conductivity of a network of
conducting particles scales with the particle loading by the power-law dependence shown
below:

(1)
where N is number density of the objects (or equivalently, their volume or area fraction),
Nc is the critical number density of objects at the percolation threshold, and t is
conductivity exponent. The power law in Eq. 1 is expected to hold at filler loadings
above but close to the percolation threshold, with a universal conductivity exponent t ≈
1.3 in two dimensions.4 To date, most theoretical studies of continuum percolation in
two-dimensions have focused on the random widthless sticks system,5-11 with particular
emphasis on investigating the key critical phenomena such as the percolation threshold
and critical exponents, as well as finite-size scaling behavior. The critical number of
density of sticks at percolation, Nc, for the random widthless sticks system was obtained
numerically via Monte Carlo simulations first by Pike and Seager,5 and recently by Li &
Zhang8 who reported a high precision value of the critical density NcLstick2 = 5.63726,
where Lstick is the stick length. Balberg et al.12, 13 related Nc to the particle geometry using
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excluded area arguments and numerical approximations to predict the dependency of the
percolation threshold on the aspect ratio and orientation for both widthless and finitewidth sticks. However, the complimentary simulations in their work were limited to
systems comprised of small numbers of sticks (<103) and low aspect ratios (L/D < 15).6, 13
Recently, there has also been debate in the literature surrounding the nonuniversality of the conductivity exponent t observed first in experiments of nanotubebased films,14, 15 and confirmed numerically by several studies9, 10, 16 reporting a strong
dependence of t on both stick density and the ratio of the contact and stick resistances
(Rc/Rstick). On the other hand, the conductivity exponent extracted from the sizedependence of the conductivity at the percolation threshold, as opposed to its density
dependence in Eq. (1), yields the universal value of t ≈ 1.3 independent of the resistance
ratio.9
In this chapter, we simulate the conductivity of quasi-2D random networks
comprised of soft-core rods that are confined to a plane. We perform the simulations over
a very wide range of aspect ratios (L/D = 25 - 800) and rod densities up to 100Nc, and
assume contact resistance dominated transport (Rc >> Rrod). These simulated
conductivities are then used to determine the percolation threshold and the density
dependence of the conductivity exponent over the entire range of aspect ratios and rod
densities studied. The objective of this work is to evaluate (1) the rod-size-dependence of
the percolation threshold as well as (2) the density dependence of the conductivity
exponent. Previous numerical studies of these phenomena were based on the widthless
sticks description5, 6, 8 and modest-density systems (N < 10Nc),7, 9, 10, 16 respectively. The
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former objective is particularly relevant since the implicit assumption L/D → ∞ for
widthless sticks might not hold for many experimentally important modest-aspect-ratio
systems. We also (3) study the effect of rod size dispersity on the percolation threshold,
proposing a heuristic extension to the finite-width excluded area percolation model to
account for arbitrary distributions in rod length, and validating this solution with
simulation results using the example of a network with a bidisperse distribution of rod
lengths. This work builds upon our previous studies of percolation in isotropic and
aligned networks of mono- and poly-disperse three-dimensional networks,17-19 as well a
concurrent study20 in which we integrated our simulation approach with experiments of
well-defined metal nanowire films to produce the first quantitative predictions of the
dependence of the sheet resistance on the nanowire size, areal density, and sizedispersity.
5.2

Simulation Method
Our simulation method calculates the conductivity of quasi-2D rod networks as a

function of the rod aspect ratio and nanowire density using a two-step approach. First,
random assemblies of rods are generated using a Monte Carlo process and a clustering
analysis performed to identify percolated or spanning rod clusters. Second, the current
across the sample is calculated using a random resistor network approach21 to discretize
the rod network and Kirchoff’s current law equations are solved at each node. We have
previously used this simulation approach in three-dimensional networks to explore the
effects of rod orientation, aspect ratio, and size-dispersity on the electrical conductivity
and percolation threshold.17-19 These simulations are relevant to polymer nanocomposites
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containing cylindrical nanofillers such as carbon nanotubes and metal nanowires. In the
current work, we adapt our 3D simulation approach to model the sheet resistance of
quasi-2D nanowire films by confining the rods to a thin film.
A random configuration of straight, soft-core (i.e. interpenetrable), cylindrical
rods is generated in a supercell of dimensions 1 unit x 1 unit x h. A confined quasi-2D
structure is achieved by defining the height of the supercell h = Drod, where Drod is the
diameter of the rods. The rods have isotropic orientation about z-axis but are confined in
the x-y plane. Similar “single-layer” structures have been studied previously by Keblinski
et al.16 and Yi et al.22 for soft-core fibers and ellipsoids, respectively. In this study, we
simulate rod networks over a wide aspect ratio range L/D = 25 – 800. Three values of h
= Drod are specified depending on the rod aspect ratio: Drod = 0.00025 unit for L/D = 25 –
100, Drod = 0.0001 unit for L/D = 200 – 400, and Drod = 0.00005 unit for L/D = 600 –
800. These values of Drod are selected such that the normalized system size Ls, defined as
the square length of the supercell (= 1 unit) normalized by the rod length (Ls = Lsq/Lrod), is
Ls ≥ 25 to minimize error from finite-size effects.9, 10 In this study, the normalized system
size ranges between Ls = 25 – 160 depending on the L/D, with Ls decreasing with
increasing L/D. Simulations were performed for each aspect ratio at a range of rod
densities defined by the volume fraction (φ). We compute the area fraction (AF) of our
quasi-2D networks based on the projected area of a rod (Lrod x Drod), specifically AF =
4φ/π. Simulations involve ~3000 – 425,000 rods depending on the prescribed φ , L/D,
and normalized system size Ls.
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The supercell is divided into tiling sub-blocks, whose length is greater than the
rod length, and rods that fall into each sub-block are registered. Aided by the sub-block
data structures, the possible neighbors of each rod are determined with computational
complexity that scales linearly with the total number of rods. Then, the shortest distance
between the centers of two neighboring rods is calculated using a close-formed formula
and when this distance is < Drod the rods are in contact. A clustering analysis is then
carried out to identify percolating clusters of contacting rods that span across the
supercell. The total conductance is the sum of the individual percolating cluster
conductances, and the non-percolating clusters are ignored. For each percolating cluster,
every rod i is assigned a uniform voltage Vi (no internal resistance; Rrod = 0) that is an
unknown variable, except for those rods that touch the left (Vi = 1) or right (Vi = 0) edges
of the supercell. Assuming that all electrical resistance results from contact resistance, Rc,
between contacting rods and writing Kirchoff’s current law (KCL) at each rod-rod
junction, a system of linear equations is established for each cluster. Here, one contact
resistance, Rc = 2 kΩ, is assigned to all rod-rod junctions in the system. This assumption
of uniform contacts has previously been applied to nanotube systems even though the
junction resistances are expected to vary widely due to the presence of both metallic and
semiconducting CNTs,9,

10, 23-25

and is certainly more appropriate between metal

nanowires. Note that the value Rc = 2 kΩ is based on an estimate of the effective contact
resistance between two silver nanowires obtained in our concurrent study by fitting
simulated sheet resistance values from our qausi-2D simulations to experimental data
from well-defined silver nanowire films.20 Further, we assume contact-resistance
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dominated transport (Rc >> Rrod) in our system. In our previous 3D simulations of rod
networks in polymer nanocomposites,17-19 this assumption was reasonable since the
polymer barrier between nanotubes or nanowires increases Rc significantly.17,

26-28

Similarly, high contact resistances are reported in metal nanowire networks associated
with residual surfactant and/or poor conformation of contacting surfaces.29-31 Postprocessing steps such as thermal annealing, plasmonic welding and electrochemical
annealing can improve the quality of the contacts and reduce Rc. Also, given that the
length of metal nanowires used in transparent conductors is generally on the order of 5 –
20µm, which is significantly larger than the mean free path of electrons (λ ≈ 30 nm for
Ag and ≈ 20nm for Cu),32 Rnw can be significant. Naturally, the specifics of nanowire
synthesis and nanowire film fabrication and processing can alter the applicability of our
Rc >> Rrod assumption.
The system of linear equations established by applying KCL to all active
junctions is then solved using the pre-conditioned conjugate gradient iterative (KSPCG)
method33 as implemented in the Portable, Extensible Toolkit for Scientific Computation
(PETSc) package, where the incomplete LU factorization preconditioner (PCILU) is
used, to obtain the cluster conductance. This entire procedure is repeated to obtain an
ensemble-averaged conductance, achieving a standard deviation of less than 10% of the
mean value in all cases. The conductivity of the rod network is calculated by normalizing
the conductance by the dimensions of the supercell.

For correspondence between

simulation and physical units, we set Drod = 50 nm in all cases, an experimentally typical
value of the diameter of metal nanowires used for transparent conductors.
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5.3

Results and Discussion

5.3.1

Percolation Thresholds from Quasi-2D Simulations
To extract the value of the critical area fraction at the percolation threhsold (AFc)

for each rod aspect ratio studied, we apply Eq. 1 to our simulated conductivity values
with AFc and t as free variables, obtaining non-universal values of the conductivity
exponent (t ≈ 1.4 – 1.5) and high quality fits in all cases, Fig. 5.1a. Note that AFc and Nc
notation are equivalent in Eq. 1, but we prefer the areal density notation for consistency
with experiments. Power-law fits were applied over a narrow range of nanowire densities
ranging between AF/AFc ~ 1.1 – 2, which is expected to fall within the critical region
and thus yield reliable estimates of the critical phenomena.9, 13 At loadings too close to
the percolation threshold, finite-size errors are expected due to the divergence of the
correlation length, whereas loadings too far above the percolation threshold pull the
system too far out of the critical region. Figure 5.1b shows the dependence of the critical
area fraction as a function of the L/D of the rods, whereby each AFc value was extracted
from simulations as described above. As expected, we observe a dramatic reduction in
the percolation threshold with increasing aspect ratio, with an order of magnitude
difference between the thresholds for L/D = 25 and = 800. This finding is qualitatively
consistent with numerical and theoretical results from widthless-sticks systems, where the
critical number density of sticks (Nc) required to form percolated network is inversely
proportional to Lstick2 (Nc ∝ 1/Lstick2).5, 8, 12 Experimentalists have exploited the efficiency
of high-L/D particles in network formation to produce nanowire films for highly
conductive transparent electrodes at sufficiently low loadings required for high
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transparency,34-36 and new synthetic methods being explored to produce ultra-high-L/D
nanowires to further improve properties.37, 38
To approximate the error in the thresholds presented in Fig. 5.1 associated with
our simulations of large but finite-sized systems, finite size scaling approaches were used
to extrapolate the convergent threshold for an equivalent, infinite system. For square
finite-size systems in two dimensions, finite-system estimates of the average percolation
threshold converge to the infinite-system value from above as Ls → ∞ governed by an
exponent -1/ν – θ, where ν = 4/3 is the correlation length exponent in 2D and values of θ
ranging between θ ≈ 0.83 - 0.9 have been reported for lattice percolation and continuum
sticks systems.11, 39-41 In this work, we calculate the system-size dependent critical area
fraction, AFc(L), obtained by power-law fits to simulated conductivity data, as a function
of the normalized system size for rods with L/D = 800 and Ls = 5 – 125. Fitting this data
on a log-log plot extrapolates the value of the convergent percolation threshold for a
corresponding infinite system, AFc_inf, and determines the exponent. For L/D = 800, we
find AFc_inf = 0.00727 and observe power law convergence of AFc(L) to AFc_inf with an
exponent of −1/ν − θ, with ν = 4/3 and θ = 1.14 (Fig. 5.2). This value of θ is consistent
with but slightly larger than the range of values reported in the literature for 2D square
lattice and continuum systems. In addition, we find AFc_inf = 0.00727, which is 1.23%
smaller than the value of the threshold AFc (Ls = 25) = 0.00736 extracted from the
smallest system size used in this study. As finite-size errors in our system are expected to
be most dominant for the highest L/D (= 800) and smallest system size (Ls = 25), we can
assume that the maximum error due to finite size effects in our calculated thresholds over
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the entire L/D range studied will be of the order of ~ 1%. This error is significantly
smaller than the individual data points in Fig. 5.1b. The low value of the maximum finitesize error in our simulated thresholds is also consistent with previous studies of widthless
sticks systems which found that minimal finite-size effects are expected for very large
square systems with Ls > 20.

8-11

This result further corroborates the reliability of our

simulated conductivities and calculated thresholds presented in Fig. 5.1.
5.3.2

Comparison with Models
Next, we compare our simulated thresholds to predictions from the excluded area

model and the widthless-sticks result. Rod-like objects in 2D can be modeled as finitewidth or widthless sticks, with the former case approaching the latter with increasing
aspect ratio. The finite-width sticks description is most consistent with our quasi-2D
simulations of confined networks comprised of rods with projected area Lrod x Drod.
Further, the widthless sticks description is inappropriate for experimental nanowire films
at modest nanowire aspect ratios, as will be shown later in this section.
The excluded area and excluded volume are widely used concepts to describe the
onset of percolation as a function of the filler geometry in two- and three-dimensions,
respectively. In two-dimensions, the excluded area, Aex, is the area around an object into
which the center of another identical object cannot enter without contacting the first
object.12, 42 In a system of many objects, the average exclude area per object, <Aex>, is
defined by taking the average over all possible relative orientations. At percolation, the
total excluded area is defined as
<Aex_tot> = Nc <Aex>

(2)
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The total excluded area (or volume) is a dimensional invariant only for a system of allparallel soft-core objects.12 In three dimensional rod networks, the total excluded volume
ranges between the all-parallel value of 2.8 and the slender-rod limit value of 1,
exhibiting a strong dependence on the aspect ratio for the non-parallel systems.17, 43, 44 In
two dimensions, <Aex_tot> = 4.5 for parallel objects, while <Aex_tot> = 3.4 – 4.1 has been
reported for isotropic assemblies of soft-core ellipses, widthless sticks, and capped
rectangles.12, 13, 45
The average excluded area per object in a system of randomly oriented, soft-core,
finite-width sticks with length L and width D is given by:12

4
2
Aex = 2LD1+ 2  + (L2 + D2 )
 π 
π

(3)

Following from Eqs. 2 and 3, the critical area fraction for a system of randomly oriented
finite-width sticks is

(4)
where A = L x D is the area of the rectangular stick. We estimate <Aex_tot> using our
simulated thresholds from Fig. 5.1b in Eq. 2, observing a weak dependence of this value
on the aspect ratio of the rods over the entire L/D range with a mean value of <Aex_tot> ≈
3.7 (Fig. 5.3). For comparison, reported12 <Aex_tot> for the random widthless sticks system
is 3.57. Moreover, Xia and Thorpe45 observed a similar weak dependence of the total
excluded area (<Aex_tot> ≈ 3.5) on the aspect ratio in their study of percolation in random
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systems of overlapping ellipses when the aspect ratio was varied between ~ 20 – 400. To
date, Xia et al.’s study of random ellipses and this work are the only reports in the
literature of the dependence of the total excluded volume on the aspect ratio of randomly
oriented objects in two dimensions. In Fig. 5.4a we compare our simulated thresholds
(replotted from Fig. 5.1b) to predictions from the finite-width sticks excluded area model
calculated using Eq. 4 with <Aex_tot> = 3.7, and observe excellent agreement between the
two. In contrast, the widthless sticks result (NcLstick2 = 5.63726) agrees with both our
simulation results and the finite-width model only when L/D > 100, see Fig. 5.4b,
demonstrating that the widthless sticks description is inappropriate for networks with
modest-aspect-ratio fillers.
5.3.3

The Conductivity Exponent
In this work, we study the conductivity exponent t from Eq. 1 as a function of the

rod aspect ratio and density in a contact-resistance dominated system (Rc >> Rrod) over a
very large range of aspect ratios (L/D = 25 – 800) and nanowire densities (0.1 < N <
100Nc). Balberg et al.7 determined for the first time the conductivity exponent for 2D
system of randomly distributed conducting sticks, finding a value of t = 1.24 +/- 0.03, in
reasonable agreement with the universal value t ≈ 1.3. In quasi-2D networks of fibers
confined to a plane, Keblinski et al.16 showed that the universal power-law holds only
for low stick densities N < 2Nc, while at higher concentrations (up to 10Nc) t transitions to
a value of either 1 or 1.75 for stick- and contact-resistance dominated transport,
respectively. Similarly, Li et al.9 simulated the dependence t on Rc/Rstick in a random
widthless sticks system over a narrow range N < 2Nc, observing a monotonic increase in t
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with increasing Rc /Rstick. A maximum value of t ≈ 1.42 was reported for Rc/Rstick ≥ 102,
and a minimum value of t ≈ 1.2 for Rc/Rstick ≤ 10-2. These results are consistent with
Zezelj et al.10 who observe that the conductivity exponent converges to the universal
value at the percolation threshold irrespective of Rc/Rstick in random networks of widthless
sticks, and takes on a range of values≤ 1

t ≤ 2 depending on the stick density and

Rc/Rstick. Here, when N >> Nc, t converges towards a value of 2 in the limit of
superconductive sticks (Rc >> Rstick) and 1 in the limit of superconductive junctions (Rstick
>> Rc). Zezelj et al.10 credit this Rc/Rstick-dependent behavior of t to the structure of dense
networks, wherein most of the sticks in the system contribute to the conductivity. Thus,
the density of the current-carrying sticks is directly proportional to the stick density, and
the density of current-carrying contacts is proportional to the square of the stick density,
the latter case arising from the proportionality between the number of contacts per stick
and total number of sticks in the system.
Figure 5.5 shows a log-log plot of the simulated conductivity versus the reduced
rod number density ((N-Nc)/Nc) for L/D = 25 – 800, where the value of the percolation
threshold for each aspect ratio is given in Fig. 5.1b and converted to number density
notation. The slope gives the conductivity exponent t. Across the entire L/D range, the
data shows power law behavior with an exponent t = 1.42 at low densities (N/Nc < 2) and
t = 2 at high densities (N/Nc > 10), with a crossover region at intermediate densities 2 <
N/Nc < 10. The low density behavior is consistent with the finding of Li et al.9 that t ≈
1.42 for a contact-resistance dominated network with N < 2Nc, as well as with Zezelj et
al.10 who report a value of the local density dependent conductivity exponent t(N) ~ 1.4 –
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1.5 at N ~ 2Nc when Rc > Rstick. In addition, the high density behavior in Fig. 5.5 is also
consistent with predicted convergence to t = 2 for Rc >> Rrod and N >> Nc reported by
Zezelj et al. and Keblinski et al.,10,

16

although neither of these studies investigated

sufficiently high rod densities to observe a value of t = 2.
The results presented in Fig. 5.5 are significant by verifying the high density (N
>> Nc) behavior of the conductivity exponent as predicted from modest-density
systems,10, 16 and showing the invariance of t with rod size in quasi-2D rod networks.
5.3.4

Size Dispersity
We previously demonstrated the capability of our simulation method to simulate

the conductivity of random three dimensional soft-core rod networks with arbitrary
distributions in rod size.17 We also determined percolation threshold from our simulations
of polydisperse rods with experimentally typical Gaussian distributions in length and
diameter, as well as engineered bi-disperse mixtures of low- and high-aspect-ratio rods.17
Further, using empirical approximations from our simulation data, we generalized the
widely used slender-rod-limit excluded volume percolation model to account for both
finite L/D and arbitrary size dispersity. Here, we extend this approach to study the effect
of rod-size-dispersity on the percolation threshold in 2D using the example of a rod
network with a bidisperse distribution of rod lengths. These networks exploit the
dominant contribution of high-L/D fillers in network formation (Fig. 5.1 and 5.2), while
capitalizing on the availability and processability of modest-L/D particles. This is
particularly relevant in nanowire films for transparent conductor applications whereby
very high L/D (> 400) is required to meet performance criteria for many critical
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applications.20 To simulate a bidisperse network we define reference rods with L/D = 50
(LRef = 0.0125 unit and Dref = 0.00025 unit) and longer high-L/D rods with L/D = 400
(LLong = 0.1 unit and DLong = DRef) where the rod-length ratio is rL = LLong/LRef = 8. The
proportion of longer rods in the network is expressed as a relative area fraction, FLong =
AFLong / (AFRef + AFLong), and is varied between FLong = 0 (monodisperse; L/D = 50) and
FLong = 1 (monodisperse; L/D = 400). Similar to the monodisperse case, Rc = 2 kΩ for all
rod junctions in the network and the Rrod = 0, and percolation thresholds are extracted
from the simulated conductivities by applying the power-law fit in Eq. 1. We plot the
percolation threshold of our simulated bidisperse rod networks as a function of the FLong
= 0, 0.2, 0.5, 0.8 and 1 (Fig. 5.5). As expected, we observe a significant reduction in AFc
with increasing fraction of high-L/D rods in the network.
Next, we propose a heuristic generalization of the excluded area model solution
for monodisperse rods (Eq. 4) to predict the percolation threshold for isotropic networks
of rods with arbitrary distributions in length by taking the average of Eq. 4:

AFc _ poly =

Aex _ tot L n D
Aex _ tot
=

2 
4
8  L w
D 2
2 L n D1+ 2  + L2 n + D2
+
2
+
+




 π 
π  π2   D
L nπ

(

)

(5)

where the subscripts n and w denote weight and number averages, respectively, and
<Aex_tot> = 3.7. Note that for quasi-2D “single-layer” confined networks, D defines the
system height and thus dispersity in D is not allowed. The D/<L>n term in the
denominator of Eq. 5 is negligibly small at low L/D and vanishes as L/D increases, thus
the expression is dominated by the weight average term Lw. Others have observed a
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weight average dependence of the percolation threshold on the rod length in three
dimensions,17, 46-49 and this result is intuitive since higher L/D rods in the polydisperse
network play a more critical role in network expansion. Figure 5.5 shows there is
excellent agreement between our simulations and predictions from our generalized finitewidth excluded area model expression (Eq. 5). Our generalized expression in Eq. 5
provides a convenient and accessible solution for the percolation threshold of confined
random networks of rods with arbitrary distributions in length.
5.4

Conclusions
We have simulated mono- and poly-disperse quasi-two-dimensional random

networks of soft-core, conductive cylinders over a very wide range of aspect ratios (L/D
= 25 – 800) and nanowire densities (0.1 < N < 100Nc). For monodisperse networks, we
observe a significant reduction in the percolation threshold with increasing aspect ratio.
These percolation thresholds are in quantitative agreement with the widthless sticks result
at L/D > 100 and in excellent agreement with the finite-width excluded area model across
all L/D studied. We also report the conductivity exponent t as a function of the rod
density in a contact-resistance dominated system (Rc >> Rrod) for the highest rod densities
studied to date. We find t = 1.42 at low densities (N/Nc < 2) and t = 2 at high densities
(N/Nc > 10), with a crossover region at intermediate densities 2 < N/Nc < 10. These results
are consistent with recent numerical findings on the non-universality of the conductivity
exponent in 2D widthless sticks systems.9, 10, 16 In addition, we report t as a function of
the aspect ratio, observing the same non-universality across the entire aspect ratio range
L/D = 25 – 800. Finally, we generalize the finite-width excluded area model to account
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for arbitrary dispersity in rod lengths, finding a weight average dependence of the
percolation threshold on the rod length. Moreover, we compare predictions from this
generalized model to results from our simulations of rod networks with a bidisperse
distribution of rod lengths, obtaining good agreement between the two and further
validating our model.
In summary, the percolation threshold predictions from our simulations of quasi2D rod networks and the generalized finite-width excluded area model presented in this
manuscript provide experimentalists with valuable guidance to design and optimize the
properties of transparent conductors based on thin-films of nanowires and nanotubes.
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5.6

Figures

a

b

Figure 5.1. (a) Critical area fraction (AFc) values are obtained by applying a power law fit
to simulated conductivity values over a narrow nanowire density range within the critical
region (1.1 < AF/AFc < 2). A representative example for rods with L/D = 50 is shown. (b)
Dependence of the critical area fraction (AFc) extracted from simulations on the L/D of
the rods.
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Figure 5.2. The system-size dependent critical area fraction, AFc(L), obtained by powerlaw fits to simulated conductivity data as a function of the normalized system size Ls for
rods with L/D = 800. The data shows power-law convergence to the percolation threshold
for a corresponding infinite system, AFc_inf.
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Figure 5.3. The total excluded area < Aex_tot> calculated from our simulated thresholds
using Eq. 2 (points) as a function of L/D shows weak dependence on the rod aspect ratio.
The dashed line shows the mean value of <Aex_tot> = 3.7.
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a

b

Figure 5.4. (a) Simulation (points) and finite-width excluded area model predictions (Eq.
4) (solid line) for AFc of isotropic quasi-2D rod networks as a function of L/D. (b)
Comparison of results from simulation and the finite-width excluded area model with
predictions from the widthless-sticks system (dashed line) at L/D ≤ 100. The 2D
widthless-sticks approximation when applied to nanowire films is most reliable for
nanowires with sufficiently high L/D.
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Figure 5.5. Simulated conductivity versus the reduced rod number density ((N-Nc)/Nc) for
L/D = 25 – 800 and rod density up to 100Nc in a contact resistance limited system (Rc >>
Rrod). For all L/D studied, t = 1.42 at low densities (N/Nc < 2) and t = 2 at high densities
(N/Nc > 10). Error bars are smaller than the points.
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Figure 5.6. AFc as a function the relative area fraction of long rods (FLong) in bidisperse
quasi-2D rod networks containing a mixture of short rods with L/D = 50 and long rods
with L/D = 400. Simulated results (points) agree well with predictions from our
generalized finite-width excluded area model (Eq. 5) (line).
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CHAPTER 6: RESISTIVE SWITCHING IN SILVER/POLYLSTYRENE NANOGAP DEVICES
6.1

Introduction
Resistive switching, whereby a system exhibits two stable resistance states

controlled by applied electrical voltage or current, is currently being pursued for various
digital memory applications.1-5 Typical resistive switching devices are comprised of a
thin film active layer sandwiched between top and bottom electrodes (Fig. 6.1a). Organic
resistive switching devices are promising due to the many inherent advantages of organic
materials including ease of processing, simple device structures, good scalability, low
cost, and novel device properties such as flexibility and transparency.1, 2, 5
Resistive switching mechanisms in organic thin-film devices are complex and vary
based on the material system, with authors reporting switching mechanisms based on
charge trapping,6-13 field-enhanced tunneling,14 and filler-matrix charge transfer.15-22 In
some organic systems, switching has been attributed to filamentary conduction
mechanism whereby the on-state is highly localized to a small fraction of the device area.
Resistive switching behaviors have been extensively studied in polymer-based systems
with active layers of a polymer or polymer nanocomposite containing semiconducting,
conducting or insulating polymers and nanofillers. In these polymer-based systems,
filaments can arise from arrested degradation of the organic film (carbonaceous
filaments)23,

24

filaments).5,

13, 25-27

or formation of metallic bridges between across organic layer (metal
In addition, filamentary conduction can arise from localized high

mobility paths within the polymer material due to defects or various field-induced
electronic processes.10-12, 28, 29
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We recently reported the first observation of resistive switching in bulk, glassy
polymer nancomposites (Fig. 6.1b), specifically silver-nanowire (Ag NW) /polystyrene
(PS) composites.30,

31

These nanocomposites represented a significant break from the

conventional view of the electrical properties in polymer nanocomposites as either
insulating or conducting below and above the percolation threshold, respectively. At
compositions close to the electrical percolation threshold, resistive switching in Ag
NW/PS nanocomposites occurs upon increasing voltage at room temperature and
subsequently recovers as the voltage decreases. The resistive switching in these Ag
NW/PS nanocomposites is likely caused by field-induced formation of silver filaments
that form bridges between adjacent nanowire clusters, extending the percolation network
and decreasing the sample’s bulk resistivity. In contrast, comparable nanocomposites
with carbon nanotubes and copper nanowires that have covalently-bonded surface atoms
and oxide layers, respectively, fail to exhibit resistive switching. Typical switching fields
reported for thin-film devices based on conjugated and electroactive polymers for which
filament formation is claimed as the mechanism for resistive switching are 0.2 MV/cm –
500 MV/cm).5,

10, 11, 25-29, 32, 33

The observed switching fields in the Ag NW/PS bulk

nanocomposites is much lower,

< 250 V/cm,

because the network topology of

nanowires within bulk composites produces significant local field enhancement in the
gaps between adjacent nanowire clusters.34, 35
In addition to being the first example of reversible switching in a bulk polymer
nanocomposite, note that resistive switching occurs in Ag NW/PS with an insulating
polymer.30, 31 While semiconducting polymers dominate studies of resistive switching in
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organic memory devices, there are only a few reports of reproducible switching in
insulating polymer systems. Several early studies reported bistable resistive switching in
thin-film devices with insulating polymers fabricated by glow discharge polymerization
as the active layer.23,

24, 32

However, the switching mechanism for these systems was

attributed to arrested breakdown of the insulating polymer which eventually leads to
irreversible damage to the device. Several studies have reported reproducible bistability
in thin-film devices with the insulating polymer poly(N-vinylcarbazole) (PVK) as neat
polymer or host matrix.11, 21 The electroactivity of PVK, a known electron donor and hole
migration material, facilitates formation of charge transfer complexes and charge
trapping sites that can give rise to field-dependent bistability. Resistive switching was
also reported for a device comprised of a polystyrene film containing 2-naphthalenethiolcapped gold nanoparticles.17 Here, electric-field-induced charge transfer between the gold
nanoparticle and the capping material reportedly gives rise to the switching response.
Similarly, recent studies reported resistive switching behavior in devices with a grapheneinsulating polymer sandwich12 or composite13 as the active layer. In both cases, a
filamentary switching mechanism assisted by the charging behavior of graphene was
reported, with no bistability observed in the absence of the graphene. Thus, the reported
examples of switching in thin-film devices based on insulating polymers are limited to
those with (1) electroactive polymer hosts or additives and (2) self-limiting systems that
operate by local degradation of the polymer film. Further, a recent study25 screened a
wide range of neat polymers for resistive switching potential via metal filament formation
in thin-film device geometries with copper and aluminum electrodes, observing
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reproducible switching only in polymers that have intrinsic conductivity and strongly
coordinating heteroatoms. Based on this criteria, the authors ruled out the possibility of
filament formation in insulating polymers such as polystyrene and poly(methyl
methacrylate) (PMMA).
To further understand the resistive switching mechanism of the bulk Ag NW/PS
nanocomposites and explore possible applications, we designed and fabricated nano-gap
nanowire devices comprised of lithographically-defined metal strips (nanowires)
separated by polymer-filled nano-gaps, Fig. 6.1c. The complexity of the Ag NW/PS bulk
nanocomposite is significantly reduced by isolating the switching mechanism between a
polymer-mediated metal-nanowire in these nano-gap devices. Moreover, the device
geometry enables imaging. We successfully observe reversible resistive switching
behavior in these Ag/PS/Ag nano-gap devices, demonstrating that reversible resistive
switching observed in our bulk Ag NW/PS nanocomposites is achieved in a fabricated
device. These devices show highly reversible switching behavior with high on-off ratios
> 103 during cyclic switching tests over many cycles, with one device switched reversibly
for > 550 cycles. Ex-situ SEM imaging of the devices after testing show visible gap
remodeling for samples that were subjected to extensive electrical testing and this
evolution of the gap is consistent with the metal filamentary conduction hypothesis
proposed in the bulk Ag NW/PS nanocomposite case. This demonstration of reversible
and robust electrical bistability in the Ag/PS/Ag nano-gap devices is significant and
launches the study of traditional insulating polymers for dynamic electrical applications.
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6.2

Methods

6.2.1

Device Fabrication
We employed electron beam lithography to fabricate our Ag/PS/Ag nano-gap

devices at the Center for Functional Nanomaterials (CFN) at Brookhaven National Lab.
We used 300 μm thick <100> n type silicon chips with a thick 500 nm layer of thermal
oxide as a substrate. The substrates were cleaned using an oxygen plasma and coated
with a positive resist (ZEP520A diluted 1:1 in anisole). Nano-gap devices were patterned
using a JEOL JBX-6300X system with an accelerating voltage of 100 kV and a twocurrent exposure consisting of a low beam current step (150 pA) for fine features close
the gap area and high beam current step (25 nA) for coarse features further away from the
gap area, Fig. 6.2a. Each chip contained 36 devices with a designed gap size of 30 nm
and a line width of 200 nm. After developing the patterns in hexyl acetate at room
temperature, ~4 nm of germanium adhesion layer and ~50 nm of silver were deposited
via electron beam evaporation. The thickness of the metal layer on the patterned devices
was measured to be 47 nm by atomic force microscopy (Dimension 3100 AFM) on a
representative sample. Lift-off was performed by soaking in N-methyl-2-pyrrolidone
(NMP) for 18 hours at room temperature. Immediately following lift-off, samples were
coated with ~110 nm of polystyrene via spin coating from a 2wt% solution of polystyrene
(Mw = 300 kg/mol) in toluene. The thickness of the polymer layer was measured via
profilometry (Dektak 150 stylus profilometer) on an unpatterned substrate coated using
identical conditions and found to be 110 nm.
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6.2.2

SEM Characterization
Pristine (untested) devices were inspected using SEM (Hitachi HD 2700C) to

characterize the gap geometry and size. The polymer layer was stripped from these
devices by soaking in toluene prior to imaging. Tested devices were similarly stripped of
the PS layer after electrical measurements and imaged using SEM (JEOL 7500F). In both
cases imaging was conducted in secondary electron mode (SEI) and with 5 kV
accelerating voltage.
6.2.3

Resistive Switching Characterization
Electrical measurements were conducted at room temperature under ambient

conditions using a custom-made probe station connected to a Keithley 237 sourcemeasurement unit with a Labview software interface. Measurements were made by
sourcing voltage and measuring current, with the current compliance set to 1nA to protect
the samples from irreversible damage due to high currents. Two-probe sequential I-V
scans were conducted by ramping voltage up from 0 V to 5 V and back down to 0 V, with
a voltage increment of 0.05 V and sweep rate of ~1.2 s per increment. Cyclic switching
tests were conducted by applying 5-second pulses of a specified Vhigh > Vswitch and Vlow <
Vswitch, and measuring the electrical response over many cycles. All the readings were
recorded with a 32 reading filter.
6.3

Results
We have successfully fabricated nano-gap devices comprised of co-linear, pointed

silver nanostrips separated by a nanoscale gap and encapsulated by polystyrene, Fig.
6.1c. SEM characterization shows that the Ag nanostrips have well-defined gap
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geometry, Fig. 6.2b. The average gap size among 17 pristine (untested) devices is <g0> =
36.6 nm with a standard deviation of 7.7 nm. The Ag/PS/Ag nano-gap devices were
subjected to an initial I-V scan by sweeping voltage from 0 V 5 V  0 V (∆V = 0.05 V
and ∆t per increment ≈ 1.2 s) and measuring the current. In all cases, the devices undergo
a 4-order-of-magnitude jump in current from the initial insulating state to the 1 nA
compliance, Fig. 6.2c. The switching voltage, Vswitch, for pristine nano-gap devices ranges
between 3.1 V – 4.3 V. Note that the details of the shape and spacing of the nano-gap
vary somewhat, leading to a range switching voltages, albeit a narrow range. The Vswitch
values for pristine Ag/PS/Ag nano-gap devices correspond to switching fields of ~ 1
MV/cm. This switching field is comparable to values reported for organic thin-film
devices (Fig. 6.1a) for which formation of metal filamentary bridges is claimed as the
mechanism for resistive switching (0.2 MV/cm – 1.7 MV/cm).5,

25-27

In contrast to the

planar devices shown in Fig. 6.1a where-in the switching may occur anywhere between
the electrodes, the nano-gap device (Fig. 6.1c) directs the switching behavior to a
particular nanoscale region.
Figure 6.3a shows the resistive switching response during sequential I-V scans,
whereby samples were scanned over increasing (0V to 5V) and decreasing voltage (5V to
0V), with a 1 minute wait between scans 1 – 10. Longer waits were employed prior to
tests 11 (5 min) and 12 (80 min). As above, the voltage increment was 0.05 V and the
sweep rate was ~ 1.2 s per voltage increment. The sequential I-V scans of two other
Ag/PS/Ag nano-gap devices subjected to similar testing conditions are provided in
Appendix C. In all cases, the switching voltage for the first scan of a pristine device is
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higher than Vswitch for subsequent scans. This behavior is indicative of an initial forming
step resulting in some permanent remodeling of the gap and/or creation of special high
mobility pathways within the polymer medium that facilitate ease of subsequent filament
formation. Similar forming behavior was also observed for our bulk silvernanowire/polystyrene composites.30,

31

Further, the sequential I-V scans show that the

devices can exhibit reversible switching behavior, whereby the high resistance state is
recovered during the downsweep or when the bias is removed. We also observe some
instances of temporary irreversibility (Fig. 6.3a, scans 8, 9, 10 ,11) when the conductive
on-state persists beyond the recovery period and into subsequent scans. The insulating
state is eventually recovered either during the course of scanning (scan 8) or on the order
of minutes or tens of minutes between scans (scan 12). Temporary irreversibility implies
that filaments are becoming more robust or form instantaneously with even small applied
voltages after a few scans. Eventual recovery of the insulating state discounts irreversible
damage to the polymer via dielectric breakdown as the mechanism of resistive switching
in the Ag/PS/Ag nano-gap devices. This is consistent with a higher dielectric strength for
PS thin films, namely ~3.5 MV/cm reported for 44nm films,36 relative to our maximum
switching fields of < 1 MV/cm. Figure 6.3b shows an SEM image the device tested in
Fig. 6.3a with the polymer layer stripped off. This tested device resembles a pristine
device with no significant damage via joule heating or electromigration of the metal.
The long-term reversibility of the electrical bistability in the Ag/PS/Ag nano-gap
devices was evaluated by conducting cyclic switching tests consisting of repeated
switching between the insulating off-state and conductive on-state by applying 5-second
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pulses of a specified Vhigh > Vswitch and Vlow < Vswitch. We observe highly reversible
switching behavior in several tested devices showing high on-off ratios (> 103) over
many cycles, with one device maintaining this strong switching response in excess of 550
cycles when switched between Vlow = 0.1 V and Vhigh = 2 V (Fig. 6.4a). Figures 6.4b and
6.4c shows SEM images of bare devices after 50 and 85 cycles, respectively. Both
devices underwent similar electrical testing histories, starting with 10 sequential I-V
scans, followed by another two scans after a 10-day wait, and immediately followed by
cyclic testing. Silver debris is visible within both gaps. These features might arise from
evolution of the gap during testing, which would be consistent with the metal filament
formation mechanism proposed for our bulk Ag NW/PS nanocomposites.30,

31

Metal

filament formation requires some form of electromigration of the silver electrodes across
the polymer-filled nano-gap and remodeling of the local tip geometry during resistive
switching. While the debris observed in the highly cycled Ag/PS/Ag nano-gap devices
could be intrinsic to the pristine devices, debris was observed only for devices subjected
to heavy electrical testing (many cycles) and debris was absent from devices subjected to
moderate electrical testing, Fig. 6.3. The I-V data and the presence of Ag debris after
extensive cyclic testing imply that the extent of gap remodeling increases with the
severity of the switching history.
6.4

Discussion
The observation of reversible switching in Ag/PS/Ag nano-gap devices

demonstrates that the resistive switching observed in our Ag NW/PS nanocomposites
31

30,

is indeed scalable and reproducible in a single isolated nanowire-nanowire polymer
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mediated junction. The switching fields observed for the Ag/PS/Ag nano-gap devices (<
1 MV/cm) are comparable to those reported for thin-film polymer devices for which a
filamentary mechanism is claimed.5, 25-27 This suggests that small gaps between adjacent
nanowire clusters in the bulk Ag NW/PS nanocomposite, analogous to the polymermediated nano-gap in a Ag/PS/Ag device, can lead to significant field enhancement
despite the low switching fields (< 250 MV/cm) observed across the bulk composite.
Further, the observation of gap remodeling after signficiant electrical testing of the
Ag/PS/Ag nano-gap devices is consistent with the metal filament formation switching
mechanism proposed for the bulk Ag NW/PS nanocomposites. In addition, short-term
persistence of the on-state was observed during sequential I-V scanning for both
Ag/PS/Ag nano-gap devices and Ag NW/PS nancomposites, suggesting that filaments
become increasingly robust during testing. Recovery of the insulating state following
temporary irreversibility occurred on the order of minutes or tens of minutes for the
Ag/PS/Ag nano-gap devices, while Ag NW/PS nanocomposites with hundreds or
thousands of metal filaments often required several days to recover. Finally, cyclic
switching tests for both Ag/PS/Ag nano-gap devices and Ag NW/PS nanocomposites
showed highly reversible switching with high on-off ratios maintained over many
switching cycles. These results indicate that the resistive switching process in both
Ag/PS/Ag nano-gap devices and Ag NW/PS nanocomposites does not impart irreversible
damage to the polymer matrix in contrast with the arrested dielectric breakdown behavior
observed elsewhere.23, 24, 32
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Observation of forming behavior and evolution of the gap with testing in the
Ag/PS/Ag nano-gap devices is consistent with a metal filament switching mechanism, in
agreement with the mechanism proposed for the bulk Ag NW/PS nanocomposites.
Additional support for electrode remodeling after filamentary switching events is
provided by a recent study by Cho et al.,5 who reported direct observation of metal
filaments in thin-film memory devices (Fig. 6.1a) comprised of a polyfluorene derivative
sandwiched between silver and heavily doped polysilicon electrodes. Using ex-situ
transmission electron microscopy and energy-dispersive X-ray spectroscopy, they
observed the formation and disruption of silver metallic bridges when the devices were
switched between the on- and off- states. Notably, the authors reported significant
modification of the active (silver) electrode surface relative to the pristine device, along
with residual silver islands within the organic film after set and reset operations.
To date, studies of organic memory devices that report a resistive switching
mechanism based on metal filaments have attributed their formation to electrochemical
redox reactions.5, 25-27 These redox reactions involve an active electrode oxidized at the
anode and migration of the cations toward the cathode under high applied field.
Reduction and electro-crystallization of the cation occurs at the cathode, resulting in the
growth of a metal filament towards the anode forming a bridge across the organic layer.
Reversing the polarity causes electro-dissolution of the filament, resetting the device to
the initial high resistance state.

For the organic systems studied, strong metal ion

coordination sites within the polymer structure strongly correlate to facilitating filament
formation.5, 25-27 Electrochemical formation of a metal filament also forms the basis of the
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widely studied inorganic electrochemical metallization cell (ECM) memory devices for a
variety of solid electrolytes and inorganic insulators. 37-43 Observation of electrochemical
metal filament formation in these ECM devices for insulating materials that are not
traditionally viewed as good solid electrolytes suggests the narrow glassy polymer barrier
in our nano-gap devices may have sufficient free volume to allow for diffusion of Ag and
Ag+ under high applied fields
The demonstrated scaling down of the resistive switching phenomenon initially
observed in Ag NW/PS nanocomposites to Ag/PS/Ag nano-gap devices enables this
phenomenon to be integrated into digital technologies. Further, demonstration of
reversible and robust electrical bistability in our Ag/PS/Ag nano-gap devices creates new
opportunities to exploit the dynamic behavior of metal/polymer/metal hybrid devices,
while capitalizing on the many advantages of traditional insulating polymers. These
include transparency, reduced cost, ease of processing, and mechanical flexibility, so that
the polymer material can be selected to provide the desired non-electrical properties for
the intended application. In future work, different metal/insulating polymer/metal
combinations could be investigated to determine the range of metals and polymers that
exhibit this behavior. Additionally, replacing one of the Ag strips in the nano-gap devices
with an inert metal such as platinum would access the role of electrochemistry in metal
filament formation. Finally, resistive switching in metal/insulator/metal systems should
be adaptable to other geometries, including nano-gap devices with larger gaps (already
demonstrated for g0 ≈ 100 nm), as well as thin-film and high-density cross bar geometries
for digital memory applications.
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6.5

Conclusions
We have successfully demonstrated reversible resistive switching in Ag/PS/Ag

nano-gap devices comparable to resistive switching observed in bulk Ag NW/PS
nanocomposites.30, 31 The metal filament formation mechanism for resistive switching is
reproducible in a single isolated polymer-mediated gap between the metal strips. The
Ag/PS/Ag nano-gap devices exhibit highly reversible switching and high on-off ratios >
103 over many cycles. Both the I-V forming behavior and observations of detectable gap
remodeling after extensive electrical testing are consistent with the formation of metal
filaments. Demonstration of reversible and robust resistive switching behavior in these
Ag/PS/Ag nano-gap devices is noteworthy, because semiconducting polymers dominate
studies of resistive switching in organic memory devices.1-3,

5

Moreover, examples of

insulating polymers in resistive switching devices involve either electroactive materials
or self-limiting systems.11-13, 17, 21, 23, 24, 32 In contrast, the PS filling the nano-gaps in these
devices is neither electroactive nor degraded while exhibiting resistive switching
behavior. Our findings create new opportunities in organic memories by demonstrating
that resistive switching can be accomplished with a novel design and a generic polymer.
While demonstrated here for PS, a variety of glassy, insulating thermoplastic or
thermosets are likely to be successful.
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6.6

Figures

Figure 6.1. Schematics showing (a) Thin-film geometry of typical organic memories. The
organic active layer is sandwiched between two metal electrodes. (b) Bulk Ag NW/PS
nanocomposites (c) Ag/PS/Ag nano-gap devices consisting of pointed Ag metal
nanostrips separated by a gap of g0 ≈ 36.6 nm and encapsulated in PS. The substrate is a
Si chip with a thick 500 nm layer of thermal oxide.
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2a

2b

2c

Figure 6.2. (a) Plan view of nano-gap devices showing step-wise decrease in width of
metal strips between contact pads (200 μm x 200 μm) and gap area. The width of the
metal strip adjacent to the gap area is ~ 200 nm and the design gap size g is 30 nm. Not
drawn to scale. (b) Representative SEM image of a bare, pristine silver nano-gap device
with gap size g0 = 27.8 nm and the width of the Ag strip is 219 nm (c) Representative
current-voltage characteristics of a pristine Ag/PS/Ag nano-gap device showing a
dramatic increase in the current at the switching voltage Vswitch = 4.3 V.
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3a

3b

Figure 6.3. (a) Switching a Ag/PS/Ag nano-gap device during sequential scans. Sample
was scanned over increasing and decreasing voltage from 0 to 5 V, with a 1-minute wait
between scans for the first ten scans, and longer waits for scan 11 (5 min) and scan 12 (80
min). The data for scans 2 – 12 are offset by a factor of 106 relative to the preceding scan,
and data is shown only until 2V. (b) SEM image of this device after the sequential I-V
scanning shown in (a) and with the polymer stripped off.
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4a

4b

4c

Figure 6.4. (a) Representative data from a portion of a cyclic switching test showing
highly reversible switching behavior with on-off ratios > 103 over hundreds of cycles (5sec pulses of 0.1V and 2V) on a Ag/PS/Ag nano-gap device. (b, c) SEM images of bare
nano-gap devices after cyclic switching tests between 1V and 8V for (b) ~ 50 cycles and
(c) ~ 85 cycles. The presence of debris within the gap indicates evolution of the gap
during switching and supports filament formation switching mechanism by Ag
movement.
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CHAPTER 7: CONCLUSIONS AND FUTURE WORK
7.1

Conclusions
This dissertation describes various aspects of the electrical properties in metal

nanowire-polymer hybrid systems. The first part of the thesis presents complimentary
experimental and simulation studies of electrical percolation phenomena in bulk metalnanowire/polymer nanocomposites and nanowire films in the absence of polymer.
Percolation theory describes connectivity of objects within these network structures, and
the effects of connectivity on the macroscale properties of the system. Computational and
analytical studies addressing electrical percolation of rods are thus important for
predicting insulator–conductor transitions in real polymer composites and transparent
conductors based on nanowires and nanotubes films. This work addresses important gaps
in our fundamental knowledge of structure-property relationships in these systems by
integrating targeted simulations of three- and two- dimensional rod networks, semiempirical analytical models, and complimentary experiments with model systems.
Commercialization of various classes of conducting polymer nanocomposites and metal
nanowire films is growing, yet achieving their full technological potential will hinge on
the ability to engineer materials with controllable and well-defined properties. The
findings presented in this dissertation quantify and predict the dependence of the
electrical properties in bulk polymer nanocomposites and thin-film nanowire networks on
the nanoparticle size and network structure, providing a robust and convenient toolkit for
experimentalists to optimize the electrical properties of these materials.
Chapter 3 presents a simulation study of the effect of filler size dispersity on the
percolation threshold in three-dimensional isotropic networks containing finite-sized,
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conductive cylinders with modest aspect ratios (L/D = 10 - 100). As the percolation
phenomena are strongly dependent on the aspect ratio of the filler, wide distributions in
filler dimensions are expected to significantly affect the percolation threshold of the final
composite. We study isotropic networks with two examples of experimentally typical
(Gaussian) and engineered (bidisperse) distributions in their length and/or diameter. Our
results show that narrow Gaussian distributions in the filler dimensions do not affect the
threshold concentration or electrical conductivity significantly. In contrast, the addition of
a small fraction of high-L/D rods in a bidisperse system can improve the electrical
properties considerably. These engineered networks can be used to optimize the
performance of conducting polymer nanocomposites by capitalizing on the high
performance of high-L/D fillers while maintaining the processability and reduced cost of
modest-L/D fillers. We also used empirical approximations from our simulation data to
generalize the widely used excluded volume model1 for percolation in soft-core,
monodisperse rod networks to account for finite-L/D and size dispersity of rods. The
resulting analytical expression gives the critical concentration in isotropic rod networks
for arbitrary distributions in L and D across the entire L/D range. In addition, we adapt
Otten and van der Schoot’s slender-rod-limit analytical solution2,

3

to extend its

applicability to polydisperse networks of finite-L/D rods. Our simulation results, coupled
with our extensions of existing analytical models, provide a robust and convenient
predictive toolkit for composite design and evaluation.
Chapter 4 presents the first simulations of the sheet resistance of thin-film metal
nanowire networks as a function of the nanowire size (length and diameter), size
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dispersity and areal density. By fitting our quasi-2D simulations of rod networks to
experimental results from model silver-nanowire networks, we determined the average
effective contact resistance between silver nanowires. This contact resistance was then
used to quantify how the sheet resistance depends on the aspect ratio and areal density of
monodisperse and polydisperse rods. Further, we combined our simulated sheet
resistance values with estimates of the expected network transmittance based on a
recently published empirical expression for %T in transparent films comprised of silver
nanowires. This result is the first fully calculated plot of transmittance versus sheet
resistance, two parameters that define performance field of transparent conductors. For
the silver nanowires investigated in this chapter, we find Rc_effective = 2 kΩ and L/D > 100
is required for low sheet resistances (Rs ≤ 100 Ω/sq) at modest nanowire densities.
Moreover, we observe that higher-L/D rods (L/D > 400) and intermediate areal densities
are required to simultaneously optimize the optical transmittance and the sheet resistance
to Rs ≤ 100 Ω/sq at %T > 90% required for use in touch screens and other applications
that require a high performance transparent conductor. These predictions are corroborated
by their consistency with reported experimental results for high-performance silver
nanowire films. Further, in contrast to a widely-used approach that employs a single
percolative figure of merit to evaluate the performance of nanowire films.4, 5 our method
provides comprehensive guidance by incorporating the distinct structural and materials
parameters that can be independently varied to optimize the performance. The results
presented in this chapter provide unprecedented guidance for nanowire synthesis and
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network fabrication and thereby facilitate reliable and rapid design of engineered
networks with optimized properties for specific applications.
Chapter 5 builds upon our previous studies of electrical percolation in threedimensional networks,6-8 as well as the simulations of the sheet resistance of quasi-2D
nanowire films in Chapter 4. Here, we simulate the conductivity

of quasi-2D rod

networks over a very wide range of rod densities (N) up to 100 times the critical number
density at percolation (Nc), and assuming contact resistance dominated transport (Rc >>
Rrod). These simulated conductivities are then used to determine the percolation threshold
over a large range of aspect ratios (L/D = 25 - 800), and to explore the non-universality of
the conductivity exponent as a function of the rod density and aspect ratio. Previous
numerical studies of the percolation threshold of rodlike objects in two-dimensions were
based on the widthless sticks description (L/D → ∞),9-11 while studies of the conductivity
exponent were conducted for modest-density systems (N < 10Nc).12-15 We observe a
strong density dependence of the deviation of the conductivity exponent from its
expected universal value (t ≈ 1.3), finding that t = 1.42 at low densities (N/Nc < 2) and t =
2 at high densities (N/Nc > 10), with a crossover region at intermediate densities. These
results are consistent with recent numerical findings on the non-universality of the
conductivity exponent in 2D widthless sticks systems,13-15

though our study is

distinctive for investigating sufficiently high rod densities to observe the predicted value
of t = 2 at N >> Nc. In addition, we report t as a function of the aspect ratio, observing
the same non-universality across the entire aspect ratio range L/D = 25 – 800. We also
studied the effect of rod size dispersity on the percolation threshold, proposing a heuristic
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extension to the finite-width excluded area percolation model to account for arbitrary
distributions in rod length, and validating this solution with simulation results. The
percolation threshold predictions from our simulations of quasi-2D rod networks and the
generalized finite-width excluded area model presented in this manuscript provide
experimentalists with valuable guidance to design and optimize the properties of
transparent conductors based on thin-films of nanowires and nanotubes. Further, our
study of the density dependence of the conductivity exponent provides an important
extension to the recent debate in the literature on the non-universality of this quantity in
two dimensions.
The second part of this dissertation describes resistive switching behaviors in
Ag/PS/Ag nano-gap devices comprised of lithographically-defined metal strips separated
by polymer-filled nano-gaps. Resistive switching, whereby a system exhibits two stable
resistance states controlled by applied electrical voltage or current, has been observed in a
variety of organic and inorganic systems and is currently being pursued for various
digital memory applications. Semiconducting polymers dominate studies of resistive
switching in organic memory devices, with very few reports of reproducible switching in
insulating polymer systems. Further, the reported examples of switching in thin-film
devices based on insulating polymers are limited to electroactive polymers hosts and
additives, or self-limiting systems that operate by local degradation of the polymer
film.16-23 Overall, the dynamic electrical behavior in insulating polymer systems remains
largely unexplored in the field of organic memories. As a result, our study of electrical
bistability in the simple Ag/PS/Ag nano-gap device is a significant addition to the field.
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This work builds upon the recent work from our group describing the first examples of
reversible resistive switching in bulk, glassy polymer nanocomposites24, 25 whereby the
switching mechanism was attributed to formation of induced formation of silver
filaments that bridge adjacent nanowire clusters, extending the percolation network and
decreasing the sample's bulk resistivity. Our objective is to further understand the
resistive switching mechanism observed in the bulk Ag/PS nanocomposites by isolating
the switching response of a single polymer-mediated nanowire junction, as well as
explore possible applications.
In chapter 6, we demonstrate reversible and robust resistive switching behavior in
silver/polystyrene nano-gap devices, showing electrical bistability observed in our bulk
Ag NW/PS nanocomposites is scalable and reproducible in a Ag/PS/Ag nano-gap device.
Moreover, we observe highly reversible switching behaviors in several samples with high
on-off ratios > 103 during cyclic switching tests over many cycles, with one device
switched reversibly in excess of 550 cycles. Further, our observations of forming
behavior, whereby the switching voltages for pristine devices are consistently higher than
those for previously tested devices, as well as evolution of the gap with extensive
electrical testing are consistent with the formation of metallic filaments as hypothesized
for the bulk Ag NW/PS nanocomposites. Our demonstration of reversible and robust
electrical bistability in the simple Ag/PS/Ag nano-gap device presents new opportunities
to exploit the dynamic behavior of metal/polymer hybrids with insulating polymer
matrices.
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7.2

Recommendations for Future Work

7.2.1

Metal Nanowire Films for Transparent Conductors
Our integrated simulation and experimental approach presented in Chapter 4

quantifies the interplay between the most critical parameters that govern performance in
nanowire films, as well as sets an important precedent in achieving quantitative
correspondence between experiments and simulations in nanowire films. This work
creates the foundation for a comprehensive understanding of the structure-property
relationships in metal nanowire networks, and lends itself to numerous future research
directions as outlined below.
7.2.1.1 Extracting Effective Contact Resistance from Metal Nanowire Films
Our integrated simulation and experimental approach presented in Chapter 4 can
be readily extended to evaluate new nanowire materials or new nanowire processing
methods designed to reduce Rc_effective. Here, Rc_effective extracted from direct comparison
between experiments of well-defined nanowire films and our quasi-2D simulations can
enable expeditious comparisons between different nanowire chemistries and processing
methods in a way that is deconvoluted from the dimensions of the nanowires and the
areal densities of the networks. This rigorous comparison of nanowire synthesis and film
processing could guide material selection and design for improved electrical properties.
7.2.1.2 Improved Characterization of Nanowire Areal Density of Nanowire Films
In Chapter 4 we showed a strong sensitivity of the optoelectrical properties of
nanowire films on the nanowire area coverage. Thus, reliable and quantitative
characterization of areal coverages of nanowire films is critical to facilitate accurate
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comparison between the simulations and experiments in our integrated approach. Further,
developing a rapid and reliable method to characterize areal densities regardless of
fabrication method will enable the design of high-performance transparent conductors by
providing valuable feedback to nanowire film production. The current approach to
estimating the areal coverage of nanowires is error-prone as it often relies on estimates of
the number density of nanowires in the nanowire suspension prior to solution casting of
the films. Towards this end, preliminary work has begun in the group to explore the use
of Rutherford Backscattering Spectrometry (RBS) to obtain an atomic areal density from
the nanowire mats.
7.2.1.3 Resistance of Rods in Quasi-2D Simulations
In the current simulation approach we assume contact resistance dominated
transport (Rcontact >> Rrod). In Chapter 4, we found that this assumption was valid for the
silver nanowire films studied with L/D < 300. The resistance of the nanowires (Rnw) is
expected to be increasingly important with higher aspect ratio nanowires. The specifics
of nanowire synthesis, and nanowire film fabrication, and post-processing of nanowire
films will also impact the extent to which Rc >> Rnw. Currently, the length of metal
nanowires used in transparent conductors is generally on the order of 5 – 20µm, which is
already significantly larger than the mean free path of electrons (λ ≈ 30 nm for Ag and ≈
20 nm for Cu)26 and suggests that Rnw can be significant. In addition, Rnw is expected to
increase for ultra-thin nanowires due to scattering effects. Improved synthetic methods
are currently underway to produce ultra-long nanowires with aspect ratios in excess of
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1000,27, 28 and consequently the role of Rnw will be increasingly important. Thus, the nextgeneration simulations should be extended to incorporate the resistance of the nanowires.
7.2.1.4 Simulations of Anisotropic Nanowire Orientations in Quasi-2D Simulations
Building on our work in 3D rod networks,29 our quasi-2D simulations can readily
incorporate non-isotropic orientation distributions that might result from a continuous,
solvent-based fabrication method of nanowire films. This is a necessary step toward
reconciling processing and properties.
7.2.2

Resistive Switching in Metal/Polymer Nano-Gap Devices

The dichotomy of insulating or conducting properties as predicted by traditional
electrical percolation approaches to polymer nanocomposites has recently been disrupted
by observations of resistive switching in bulk polymer nanocomposites24, 25 and now here
in nano-gap devices. Demonstration of switching behaviors in the Ag/PS/Ag nano-gap
devices is particularly significant as this is a critical first step towards deployment of this
simple metal/insulating homopolymer system into more technologically-comptabile thinfilm and high density devices. Further studies are required to elucidate the mechanisms
underlying the electrical resistive switching, enable reproducible fabrication of the nanogap devices, expand the range of materials that exhibit this behavior, and to design new
device geometries that capitalize on this phenomenon.
7.2.2.1 Ex-situ Gap Remodeling Characterization
In Chapter 6 we observed silver debris within the gap area for devices that were
subjected to heavy electrical testing, while devices that underwent moderate testing had
no detectable gap remodeling. Evolution of the device with testing is consistent with
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metal filament formation, while the absence of debris in the lightly tested devices implies
that the extent of gap remodeling depends on the measurement history. In addition, the IV characteristics of forming suggest that the devices change as a result of switching. To
test this hypothesis of gap remodeling that is dependent on the measurement history,
extensive tests of light vs. heavy testing should be conducted. In Chapter 6, we observed
that heavily tested devices were subjected to cyclic switching measurements over
multiple cycles, while light to moderate testing was limited to several sequential I-V
scans. These plans for extensive device testing require refining fabrication methods to
improve the uniformity of the pristine devices.
7.2.2.2 Transient Response Characteristics
Several important criteria must be met for a system that demonstrates electrical
bistability to be viable as a memory technology. These include high on-off ratios, long
cycling endurance, and fast switching times.30 In Chapter 6 we showed that our devices
exhibit strong reversible switching over many cycles. However, all tests were
characterized over relatively long time scales (~ 1 s), and thus it is likely that our devices
switch faster than these measurement cycles. Nanosecond switching speeds have been
reported for organic devices for which bistability arises from field-induced charge
transfer process between capped gold nanoparticles and an electroactive polymer host.31
Switching speeds for organic devices based on field induced electronic processes are
expected to be faster than those arising from slower processes such as conformational
change and electrochemical rearrangement,31 though microsecond transient response
times were observed for electrochemically-formed metal filament switching mechanism
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in a polyfluorene-derived polymer system.32 This result shows that organic switching
devices based on metallic filament formation can be feasible for high speed memory
applications. In future work, the transient response time of our nano-gap devices should
be measured under pulse mode whereby very short voltage pulses are applied to the
device and current measurements taken simultaneously over similar time-scales. These
measurements require very fast electrical pulse generator equipment, as well as
modifications to the LabView program that automates the data collection.
7.2.2.3 Cryo Temperature Electrical Characterization
Temperature-dependent characterization of resistive switching behavior in the
bulk Ag NW/PS nanocomposites between 10 and 300 K showed reversible and
irreversible switching behavior above 200 K and below 100K, respectively.24 These
results were consistent with the hypothesized electroformation of silver filaments
switching mechanism whereby the filaments were kinetically trapped at low temperature
and break with increasing temperature. Moreover, the on-state was ohmic below 100K,
suggesting that the on state consisted of an extended silver network. Similarly,
temperature dependent characterization of our nano-gap devices can be an effective tool
for further exploration of the switching mechanism by observing signatures of specific
conduction mechanisms in the on state, as well as distinguishing between field- and
diffusion-driven aspects of switching behavior. Both I-V and transient response
characteristics, as well as cyclic behavior would be informative about Ag/PS/Ag nanogap devices.
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7.2.2.4 Other Metal/Polymer Combinations
Our Ag/PS/Ag nano-gap devices were inspired by bulk Ag NW/PS composites in
which resistive switching was first observed. In future work, it would be valuable to test
other metal/polymer combinations to determine if the observed bistability is unique to the
Ag/PS system. Investigating new polymer-metal systems will also provide insights into
the effects of metal work function and electrochemical properties, as well as the effects of
the polymer dielectric constant, local mobility and specific interactions with
electromigrating metal species on resistive switching response.
A simple extension to the current system would involve studies poly(methyl
methacrylate) (PMMA) as the insulating polymer material and gold as the metal
electrodes in the nano-gap devices. Both PS and PMMA are insulating polymers with
comparable physical properties (resistivity, glass transition temperature, dielectric
constant, etc.) and processing conditions, thus replacing PS and PMMA in our devices is
straightforward. PMMA based devices would confirm if switching is unique to Ag/PS, or
observable for other insulating polymers. We expect that the mechanism for filament
formation in insulating polymers should be similar, whereby switching behavior is
dominated by the metal, with polymer acting as a medium for atomic and/or ionic
motion. In semi-conducting and electroactive polymer systems, however, more complex
mechanisms may be at work due to the interaction of the polymer host itself with the field
e.g. charge trapping, filler-matrix charge transfer and donor/acceptor

complexes.

Ag/PMMA nano-gap devices would also be interesting to study because of recent reports
of specific interactions between Ag and PMMA leading to increased Ag solubility in the
polymer.33 Such interactions might lead to enhanced switching in this system. Further, in
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future work solvent removal should be accomplished by annealing of the polymer in all
cases.
Substituting gold in the devices would be fairly straightforward as Au is highly
compatible with nanofabrication methods and is not susceptible to corrosion, allowing
ease of sample handling. While Ag and Au have similar electrical properties, gold has a
slightly higher work function and is also less electrochemically active than silver. The
latter property might help clarify a potential electrochemical basis for reversible silver
filament formation. In addition, substituting one of the metal strips in the Ag/PS nanogap device with platinum, a widely used electrochemically inert metal, would be a model
system to test an electrochemical basis for filament formation in our devices. Here, a
reversal of the electrical field should lead to a distinct reset action returning the device to
its original high resistance state due to electrochemical dissolution of the filament as
reported for other organic and inorganic systems citing an electrochemical filament
formation.32,

34-37

To fabricate a Ag/PS/Pt nano-gap device with g ≈ 30 nm, excellent

alignment for subsequent e-beam lithography patterning steps will be essential.
7.2.2.5 Direct Observation of Filaments
Although filamentary conduction is widely cited as the basis for resistive
switching in many thin film metal/insulator/metal (MIM) devices, very few studies have
reported direct observation of the filaments themselves. Typically, studies point to
metallic and area-independent behaviors of the low resistance state as evidence of
filamentary-based switching mechanism.34,

38, 39

Others have investigated localized

conduction paths within the organic layer. For instance, Cölle et al.40 used infra-red
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imaging to relate observation of hot spots in the polymer films to the formation of
conductive filaments, whereas Joo et al.41 used time-of-flight secondary ion mass
spectrometry (TOF-SIMS) analysis to measure the depth profiles of Cu ions in the
organic layer in Cu/P3HT/Al MIM devices. Direct visualization of metal filaments within
the polymer layer can be accomplished by in-situ high resolution TEM. The main
demonstration of successful visualization of metal filaments was reported recently by
Cho et al.32 In this study, the authors validated their hypothesized filamentary switching
mechanism in their Ag/WPF-BT-FEO/p+ Si devices by direct observation of the Ag
filaments via ex-situ cross-sectional TEM imaging and energy-dispersive X-ray
spectroscopy. Here, they captured the formation and rupture of Ag metallic bridges
within the polymer layer when the devices were switched between the on and off state,
respectively. The authors also reported significant remodeling of the active (silver)
electrode surface relative to the pristine device, along with residual silver islands within
the organic film after set and reset operations (Fig. 7.1).
Nano-gap devices fabricated on a transparent Si3Ni4 windows will be compatible
with TEM imaging, perhaps even in in-situ studies. Note that fabrication challenges are
expected given the delicacy of Si3Ni4 substrates. Alternatively, we can pursue thin film
MIM geometries for cross-sectional TEM. A major challenge would be the short life-time
of the on-state in our devices, as evidenced by sequential I-V scans and cyclic switching
response presented in Chapter 6, which limits the potential for ex-situ imaging of the
devices. In-situ imaging can offer direct observation of the filaments as they form,
however carbon contamination of the sample during high resolution electron microscopy
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may significantly modify the switching response. However there are many strategies to
reduce the contamination with TEM. On the other hand, cryo-temperature measurements
of the bulk silver-nanowire/polystyrene devices24 showed that the filaments could be
kinetically trapped at low temperatures. Thus, a combination of cryo-temperature
electrical testing and electron microscopy may facilitate visualization of the filaments by
extending their lifetime for the duration of the characterization procedure.
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7.4

Figures

Figure 7.1. Cross-sectional TEM of Ag/WPF-BT-FEO/p+ Si memory cells in pristine high
resistance state (a), low resistance state (b) and high resistance state after reset operation
(c). Corresponding Ag element profiles obtained via EDX in (d) – (f). The images and
EDX specra provide direct evidence of formation of Ag metal bridges across the organic
layer in the on state, and disruption of the filaments by application of a reset pulse in the
off-state. Reproduced with permission [Ref. 32].
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APPENDIX A: SUPPLEMENTAL INFORMATION FOR CHAPTER 3
Simulations and Generalized Model of the Effect of Filler Size Dispersity on
Electrical Percolation in Rod Networks
A.1

Determining φc by Power Law Fits to Simulation Data

Figure A1. The percolation threshold, φc, was determined by applying a power law fit to
simulated conductivity values, σ ≈ σ0 (φ - φc)t. Data for soft-core, isotropic rods with L/D
= 80 is shown.
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A.2

Comparison of 1+s empirical factor to Berhan and Sastry’s Solution

Figure A2. ln (s) vs. ln (L/R) fit gives an empirical expression for s as a function of L/R.
The fit (solid red line) to our simulation data (circles) yields the expression
s = 4.11(L/R)-0.5, Eq. (6). Berhan and Sastry’s solution1(dotted line) is shown for
comparison and yields the expression s = 5.23(L/R)-0.57. The good agreement between
both data sets further corroborates our simulation.
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A.3
Percolation Threshold of Networks with a Gaussian Distribution in Rod
Dimensions and Lmode/Dmode = 10

Figure A3. Simulation data (points) with corresponding generalized excluded volume
predictions [Eq. (7), lines] for the percolation threshold in networks where rods have a
Gaussian distribution in length (green), diameter (black), or both (red). The width of the
respective distributions is given by the standard deviation, σL or σD, which is expressed
as a percentage of Lmode (0.04 units) or Dmode (0.004 units), and Lmode / Dmode = 10.

158

A.4
Percolation Threshold of Networks with Bidisperse Distribution in Rod
Diameter
(a)

(b)

Figure A4. (a) Simulation (points) and generalized excluded model predictions [Eq. 7,
lines] for φc of bidisperse rod networks versus the relative volume fraction of high-L/D
thinner rods in the system (FThin) for rod diameter ratios rD = 2, 4 and 8, where DRef =
0.004 units and L = 0.04 units (constant). (b) Simulation (points) and corresponding
Otten and van der Schoot analytical model as published Eq. (8) (dashed lines) and
calibrated Eq. (9) (solid lines) φc predictions a function of FThin for rD = 2, 4 and 8.
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A.5
Dependence of the Number Average Aspect Ratio on the Relative Volume
Fraction of Long or Thin Rods in Bidisperse Networks

Figure A5. The number average aspect ratio of rods in a bidisperse network plotted as a
function of the relative volume fraction of long (FLong) or thin (FThin) rods, for rD and rL =
2, 4, and 8. The evolution of the mean aspect ratio as a function of FLong and FThin is
distinct for length (solid line) and diameter (dotted line) bidispersity because the volume
of rods depends differently on L and D (V ∝ D2 vs. V ∝ L).
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A.6

Snapshots of Spanning Rod Clusters in Simulated Bidisperse Rod Networks

Figure A6. Snapshots of the percolating rod cluster at φ ≈ φc in simulated bidisperse rod
networks. Red rods have L/D = 10, while blue rods are longer with L/D = 40. (a) FLong =
0.1 and φc = 0.056 (b) FLong = 0.2 and φc = 0.046 (c) FLong = 0.3 and φc = 0.039. For
reference, φc for a monodisperse network of L/D = 10 rods (all red) is 0.068 and of L/D =
40 rods (all blue) is 0.0163. The high-L/D rods facilitate efficient network expansion by
forming bridges between isolated clusters of low-L/D rods, thereby suppressing φc of the
bidisperse system.
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APPENDIX B: SUPPLEMENTAL INFORMATION FOR CHAPTER 4
Integrating Simulations and Experiments to Predict Sheet Resistance in Nanowire
Films for Transparent Conductors
B.1

Renderings of Simulated Quasi-2D Rod Networks

Figure B1. Renderings of the rod networks from the quasi-2D simulations. Rods
participating in spanning clusters are show in red, while isolated rods and rods in nonspanning clusters are shown in blue. The parameters for the simulations are specified in
the image including the aspect ratio (L/D), the area fraction (AF), and the number of rods
(Nrods). The sheet resistance (Rs) corresponds to a rod diameter of 50 nm and an average
effective contact resistance of 2 kΩ. The rod diameters have been scaled up for
rendering, so the apparent L/D is smaller than the value in the simulation.
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B.2

Conductivity Exponent from Power Law Fits to Experimental Data

Figure B2. Electrical conductivity of silver nanowire films as a function of the reduced
number density of nanowires N/Nc – 1 where N is the number density of rods and Nc is
the critical number density at percolation. Ag NW have dimensions (a) Lnw = 21.65 µm,
Dnw = 84 nm, and L/D = 258, and (b) Lnw = 20.60 µm, Dnw = 75 nm, and L/D = 275.
Power law fits (red lines) of the electrical conductivity data yield an exponent of 1.75,
suggesting that transport is dominated by contact resistance (Rc >> Rnw).
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B.3

Simulated Sheet Resistance up to 70% Area Fraction

Figure B3. Sheet resistance from simulations as a function of the L/D and area fraction of
the rods in silver nanowire films using an effective average contact resistance Rc_effective =
2 kΩ and constant Drod = 50 nm. The dashed line indicates the desired performance
criterion Rs ≤ 100 Ω/sq for high performance applications. Similar to Fig. 2 in the Chpter
2, the data here is shown up to 70% area fraction.
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B.4
nm

Optical Transmittance vs. Area Fraction for Nanowire Films with Dnw = 75

Figure B4. Transmittance of Ag NW films with L/D = 275 (Dnw = 75 nm) as a function of
the area fraction showing a decrease in %T with increasing AF. The solid line fit to the
data gives an expression for %T as a function of Ag NWs with Dnw = 75 nm as a function
of the area fraction, similar to the published expression in Eq. 1 for Ag NWs with Dnw =
40 nm.
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APPENDIX C: SUPPLEMENTAL INFORMATION FOR CHAPTER 6
Resistive Switching in Silver/Polystyrene Nano-Gap Devices
C.1

Additional Sequential I-V Scans for Ag/PS/Ag Nano-Gap Devices

Figure C1. The sequential I-V scans of two other Ag/PS/Ag nano-gap devices subjected
to similar testing conditions as the device shown in Fig. 6.3a in Chapter 6. Samples were
scanned over increasing and decreasing voltage (0V 5V0V), with a 1 minute wait
between scans. The voltage increment was 0.05 V and the sweep rate was ~ 1.2 s per
voltage increment.
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APPENDIX D: FABRICATION METHOD FOR AG/PS/AG NANO-GAP
DEVICES

D.1

Overview

Ag/PS/Ag nano-gap devices are fabricated usign e-beam lithography at the Center for
Functional Nanomaterials (CFN) at Brookhaven National Laboratory. An overview of the
fabrication method is given in Chapter 6. This appendix provides detailed information
about each step of the fabrication process. Dr. Aaron Stein at the CFN provides
comprehensive training on the instrument and the SOP (manual) document gives very
thorough details on all steps of the patterning writing process with Jeol JBX-6300X
system.
D.2

Patterning with JEOL JBX-6300X at CFN

1. Device Design with Autocad
The nano-gap device was designed using Autocad software. Figure 6.2b of
Chapter 6 shows a schematic of the 2D design. Copies of Autocad files that contain
device patterns can be found in Rose Mutiso’s folder in the group back-up server. The
pattern for nano-gap devices presented in Chapter 6 with 200 nm strip width and 30 nm
gap size is: 051012_ptp_200nmstrip_g30nm.dxf
2. Converting Autocad dxf files to pattern files for Jeol JBX-6300X
This section gives an overview of the main computing steps and programs required to
convert autocad patterns to a format that is readable by Jeol JBX-6300X. Dr. Aaron Stein
of the CFN provides detailed training on the following, and a manual is also available at
the CFN. All the following software is available for free at the CFN. Copies of all the tdb,
.v30, jdg, sdg and mgn files are available in Rose Mutiso’s folder in the group back-up
server, and also on the CFN Jeol computer.
(i) LEDIT
Use LEDIT to make gds files from autocad dxf files (note: LEDIT native file type is tdb).
-LEDIT general:
-Zoom: hold z + select
-Zoom out: “-“ key
-Original size: home key
-Open LEDIT software
-File  Import Mask Data DXF  Browse and select (a couple of log windows come
up after import; close)
-To set-up layers
-Set-up  layers  dialog box
-Default layer is 0; the entire pattern is originally put in layer 0
-Change layer 0 to be GDSII number 1 & data type 0. Change “new layer” to be
168

GDSII number 2 and data type 0
-Select coarse features  Ctrl + E  dialog box  select “new layer” from drop
Down
-Now the coarse features away from the gap that will be written with higher
current are in “new layer”, while fine features (i.e. gap and strips adjacent to gap)
which will be written with lower current will be in “layer 0”
-To save gds file: File  Export  GDSII  Export Mask Data (don’t save log file
when prompted
-Can save LEDIT tdb file for records
-To transfer gds file to Layout Beamer computer:
-Click WinSCP icon  Login in (password = P@ssword1)  open user folder on
each computer  drage to copy
(ii) Layout Beamer
Layout Beamer software converts LEDIT tdb files to .v30 files for Jeol JBX-6300X
-Making .v30 file
-Use old flow: coarse_fine flow file available on Rose Mutiso back-up or on the
computer at the CFN. Open  select flow [navigate file system & select]
-In GDS tab in flow  open new gds file  change outjeol file names
-In export jeol dialog (comes up when saving filename for outjeol tab): Make sure
that in advanced tab floating is selected (centers fields). In tool tab, make sure the
right EOS setting is selected (EOS 6 in my case)
-Click run icon on menu bar to run all processes in flow
-Can view outjeol files by clicking the display icon on outjeol tab
-Instructions for moving v30 files to jeol computer are in SOP (manual)
-Note: my Jeol computer directory is mutiso. All others at CFN are Rose
-Define overlap between layers: With Bias functionality on coarse layer in beamer; 1um
extension of this layer
-In beamer Extract function: click cell instance rather than cell definition; makes
“maintain” extent available. (extent in outjeol should be “automatic”)
-To view a v30 file in beamer (all this can be done in same window adjacent to flow):
-Open beamer
-Drag Import icon and open .v30 file of interest
-Can view multiple .v30 files by dragging two import icons and open a .30 file in
each e.g. coarse and fine
-Click play/run icon
-Select both ‘in Jeol52” icons (hold control key)
-Click View menu
-Open Global layout viewer OR right click and select multi layout view
-Additional Layout Beamer notes are in Jeol6300 SOP (manual) document.
(iii) JBXFILER
-Jeol computer version of Beamer
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-Open by clicking JBX Filer icon on homescreen menu bar (blue/green icon with other
colors)
-Click on our user directory from data list (left panel) and then select files (e.g. coarse
and fine .v30 files) Right click  convert to graphic data  put in right directory 
ok. Refresh. Creates pchk file
(ps: can filter files by selecting the file type at top then click refresh =: will display only
files with the given extension)
-Select both coarse and fine pchk files  right click  select Display (data) [can also be
found in the command menu]  display plural  Dialog box (you can change colors or
just hit OK)  Pattern window opens  click draw (can zoom etc. Note: zoom up = in
and zoom down = out). Displays pattern exactly as Jeol sees it when writing.
(iv) JDF, SDF and MGN Files
-See the Jeol SOP (manual) for detailed information on these
-One can use the following files as a template for writing 6x2 array (makes 12 chips with
10 devices each) on a 2x2cm substrate:
(i) JDF file: 051412_200nmg10_6by2.jdf >> change only layer 1 and 2 fine and coarse
v30 filenames. If you use a new current then modify this as well. Usual current is
150pA_ap4 for fine features and 25nA_ap7 for coarse features
(ii) SDF file: 051412_6by2_g10.sdf (two 2x2 samples loaded at once) and
051912_6by2_g10.sdf (one sample centered about 0,0) >> change only jdf filename as
needed
(iii) Other sdf and jdf files are available for different array sizes and Pt/Ag patterns from
May 2012 trip files in Jeol computer and Rose Mutiso’s back-up
(v) Miscellaneous Information
-Created path on 1/7/12 ROSE1: INITIAL CURRNT CYCLIC DRIFT, CURRNT,
CYCLE 12
(cycled current check in case of current instability issues. Formerly used calib menu path
DRFT01: INIT CURRNT, CYCLIC DRIFT CYCLE 10 (means it will repeat drift routine
10 times for each layer)
-Achk: Check pattern using HSC mode in shot shape display option (view menu) in Achk
after generating mgn file. Can actually roughly match up the coordinates of an
intersection between layer 1 and 2 to confirm that layer placements are ok. If Achk
desktop icon is not visible in analysis page, open terminal and run achk command and the
program will open
-Alignment for two separate patterning steps e.g. Pt + Ag: see 10/17/11 notes in notebook
2
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D.3

Sample Preparation

1. Wafer piece size
Cut 2x2cm pieces; cleave at a point for straighter edges. Use Si chip with a thick thermal
oxide (at least 500 nm) and <100> orientation is the best for cleaving square chips.
Single-side polish preferred, though double side polished is ok too.

2. Substrate cleaning
In the past I have used several cleaning techniques depending on the available tools
(some tools might be down at a given time):
(i) O2 plasma clean using Asher system: 100mT 02, 150 W, 3min (1/7/12)
(ii) Trion RIE 02 plasma clean
(See training notes in Notebook #5, 5/17/12)
*Remember to sign up for the instrument on google calendar and sign in the Labview
interface before use. Sign out and leave in standby mode when done
-Rose_O2_3MIN recipe:
-100mT pressure
-250 RIE RF
-180s process time
-O2 50
(iii) Plasma Etch PE-50 (replaced old asher as of March 2013)
-3 min O2 plasma: 230 mT O2 and 100 W RF power. O2 and power values are fixed
(can’t be varied on the machine).

3. Resist:
-ZEP 520A 1:1 in anisole
-Used spinner 1 (recipe ROSE): 300rpm/1500rpm/s for 5s
4000rpm/2000rpm/s for 45s
-Softbake: 180C for 3min
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4. Sample loading in Jeol: See 1/7/12 notes in Notebook #3

D.4
Develop Pattern
After patterning using e-beam tool develop the pattern as follows:
-90s Hexyl acetate
-45s IPA
-N2 gun dry
-Inspect with Optical Microscope
D.5
Descum
-Removes residual resist from exposed features after developing.
- Use Plasma Etch PE-50: 230 mT O2, 100 W, 15 sec
D.6
Metal Deposition via Electron Beam Evaporation
-Use either old Lesker ebeam evaporator or newer Lesker thermal/ebeam evaporator (in
ebeam mode).
-Deposition parameters vary with time so look at log book for most recent rates and
currents for depositing Ag, Au, Ge, Ti, Pt, etc.
-The thickness of the metal is likely to be quite different from that quoted by the crystal
monitor. Calibrate during each visit by depositing bare metal on a substrate and measure
thickness with a profilometer. In addition, include a bare chip with patterned substrates
during each deposition cycle and use this to approximate the thickness of the metal
deposited on the patterned sample.
-For Ag devices, use Ge as an adhesion layer. Target thickness is ~ 4 nm Ge and ~ 50 nm
Ag.
-See Rose Mutiso clean room notebooks for more details.
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-Minimize Ag exposure after evaporating metal by transferring to lift-off bath as quickly
as possible. For all devices exposure to atmosphere was limited to less than several
minutes (including exposure after lift-off and before encapsulating in polymer).
D.7
Lift-off (best process from March 2013 trip)
- Soak in N-methyl-2-pyrrolidone (NMP) for 12 -18 hours (i.e. overnight-ish) at room
temperature. Previously lift-off was done at elevated temperature (70 – 85C) and for
shorter times (< 1 hour) but this often led to wash off and metal dewetting  less
reliable.
-Spray with IPA and N2 gun dry. Previously would rinse with DI H2O but eliminated
water from the fabrication process.
D.8

Polymer Film

1. PS
PS solution
-2 wt % PS in toluene
-0.02 = mass PS/mass toluene
PS Spin recipe
-1500rpm/1200rpm/s for 60s
-Dry in Hood for >=30min
(Gives t ~100 nm but should spin a test sample and measure thickness for each solution
batch using profilometer)
2. PMMA
-From May 2012 trip: 2wt% soln with regular PS spin recipe (1500rpm/1200rpm/s for
60s) gives ~ 88.66 nm
>> Inspect gaps with optical microscope after coating with polymer. Imaging at 100 x
should enable one to make out gap area slightly. Significant damage or wash-off can be
detected with OM
D.9
Dektak 150 stylus profilometer
-Used this tool to measure polymer film and deposited metal film thicknesses at CFN
-See 8/21/11 notes in notebook #1
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